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Abstract

In this paper the existence of unemployment is partly explained as being the result of
coordination failures. It is shown that as a result of self-fulfilling pessimistic expectations,
even at Walrasian prices, a continuum of equilibria results, among which an equilibrium
with approximately no trade and a Walrasian equilibrium. These coordination failures also
arise at other price systems, but then unemployment is the result of both a wrong price
system and coordination failures. Some properties of the set of equilibria are analyzed.
Generically, there exists a continuum of non-indifferent equilibrium allocations. Under a
condition implied by gross substitutability, there exists a continuum of equilibrium allo-
cations in the neighborhood of a competitive allocation. We finally study some dynamic
properties of our equilibria in specialized economies.

JEL classification: C62, D51
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1 Introduction

This paper is motivated by the recent renewal of interest in equilibria with price rigidities,
an interest stemming from motivations quite different from those which spurred the work
on that topic in the seventies, see the survey by Drazen (1980). The earlier interest re-
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flected the premise that equilibria with quantity rationing are due to “wrong” prices, at
which markets cannot clear. The more recent interest originates with the work of Roberts
(1987ab, 1989ab) who established the existence of a continuum of equilibria with quantity
rationing of supply at competitive prices, for a class of economies characterised by homoth-
etic preferences (or household replication) and constant returns to scale. These equilibria
do not reflect price distortions, but rather coordination failures; they are sustained, but
not “caused”, by downward rigidity of (some) prices. In this new framework, the extent of
rationing is not linked to the size of price distortions and multiple equilibria are the rule.

The work of Roberts invites generalization in several directions:
(i) Relaxing the special assumptions on the primitives;
(ii) Allowing for the possibility of non-competitive prices;
(iii) Allowing for the combination of fixed and flexible prices;
(iv) Explaining the persistence of downward (real) price rigidities;
(v) Understanding the nature and the sources of the coordination failures.

Several authors have contributed partial generalizations. In the framework of pure
exchange economies, Herings (1996ab, 1998) addresses (i) and (ii), whereas Dreéze (1997),
building upon Dehez and Dréze (1984) and inspired by Roberts and Herings addresses
(i), (ii) and (iii) in the framework of an economy with production. His result is weaker,
however; it establishes existence of equilibria with arbitrarily severe rationing, but not
a continuum of equilibria. Dreze (1999) addresses in addition (iv) and (v) by arguing -
outside the formal model - that uncertainty and incomplete markets help explain both
downward price rigidities for selected commodities (labor and capacities) and the volatility
of aggregate demand (investment) which sustains the self-fulfilling expectations.

The present paper considers a general equilibrium model with production and the com-
bination of fixed/flexible prices, thereby treating the general model specification. Our
paper extends the result of Dreze to existence of a continuum of underemployment equi-
libria. It thus addresses (i)-(iii) in a general framework. The equilibrium concept is a
generalization of supply-constrained equilibrium as used by Kurz (1982), van der Laan
(1980, 1982), and Dehez and Dreze (1984), here labeled “underemployment equilibrium”
(see Definition 2.1).



Our interpretation of underemployment equilibria is in line with the interpretation of
Hahn (1978) of non-Walrasian equilibria as the result of self-fulfilling beliefs. Suppose
prices are Walrasian, but neither firms nor households have the structural knowledge to
verify this fact, and are therefore justified in forming expectations on supply possibilities. If
firms expect that the total demand for their output is low, then they will hire only a limited
amount of labor. This has a negative impact on income of workers and thereby indeed leads
to a low demand for outputs. Workers, expecting to be (partially) unemployed, supply
limited amounts of labor and express low demands for commodities, thereby confirming
the firms’ expectations. The game-theoretic models developed by Roberts make clear that
this reasoning is consistent with rationality, and even with the absence of deviating firms
that sell at a lower price. Moreover, since coordination failures exist at non-Walrasian
prices as well, but are then compounded by the effects of distorted prices, lowering prices
will not improve the situation. These considerations touch (iv), even though much more
remains to be better understood.

We also deal with the issue of whether underemployment equilibria are genuinely dis-
tinct, that is, whether they lead to different utilities for the consumers. Moreover, in game
theory and macroeconomics, coordination failures have the connotation of Pareto ranked
equilibria. Pareto ranked equilibria are present in the seminal work on coordination failures
of Bryant (1983) and Cooper and John (1988), see Cooper (1999) for an excellent overview
of this literature, where a continuum of equilibria ranging from a no-trade equilibrium to
a competitive equilibrium is found. We give sufficient conditions in our general model
specification to obtain this property.

Finally, we interpret the static general equilibrium model as an intertemporal economy.
To do so, we specialize the general setting to an exchange economy in which consumers have
logarithmic preferences and are endowed only in one commodity. The intertemporal in-
terpretation of these specialized economies results in an intriguing inflation-unemployment
trade-off: when prices increase, unemployment also increases. When we posit that prices
adjust over time through a Walrasian non - tatonnement process, we observe that this
process monotonically approaches Walrasian prices. Moreover, it does not require demand
rationing at any time and does not necessarily reduce the overall underemployment level

in the economy.

2 The Model

For m € N, R is the non-negative orthant of R™, and R, is the strictly positive orthant
of R™. Vector inequalities will be denoted by <, <, <, >, >, and > .
An economy is denoted by € = (X", =" €M e, Y7, (0" nen)ser, DY, o, B). There



are H households, indexed by h € H, F firms, indexed by f € F, and L commodities,
indexed by [ € L." Every household h has a consumption set X", a preference relation
<" on X", and an initial endowment e” € R”. The Cartesian product of the sets X" is
denoted by )?, so X = [Lhcn X", Every firm f has a production possibility set Y/. The
set of total production possibilities, feF y/ Lis deEoted by Y. The Cartesian product of
the production possibility sets is denoted by Y, so Y = erF Y/. Household h receives a
share #/" of the profits of firm f.

The commodities are split into two groups, labeled I and II. Whenever such a label is
attached to a symbol, it is meant to refer to the group of commodities indicated by the
label. For instance, L' will denote the number and the set of group I commodities. Without
loss of generality, group I consists of the first L' commodities. The prices of commodities
in group I are assumed to be completely flexible, even in the short run. The markets for
these commodities are organized in such a way that prices will immediately react to small
changes in supply or demand. Examples are auctions (as for fish) or organized (commodity
or stock) exchanges. The markets for these commodities are therefore never cleared by
rationing in an equilibrium. The prices of commodities in group II on the contrary are
fixed in the short run. Like many markets in the real world, small changes in supply or
demand are not immediately reflected by a change in the price. Hence there is scope for
rationing in the markets for these commodities, and agents in the economy may indeed
expect rationing to occur in these markets. For real world examples of this phenomenon,
we refer to the existence of persistent unemployment and the presence of excess capacity
in many sectors.

The prices of the commodities in group IT are given by p'' € ]RJLFIJIr We will normalize the
prices such that >, ;1 p;' = 1. Nothing precludes to take for p'' the values corresponding
to a Walrasian equilibrium price system, if such a price system exists. If group I is empty,
then all prices are fixed in the short run. We will assume that group II is non-empty, since
otherwise we are back in the standard competitive framework.

Both for households and for firms, restrictions on supply seem to occur much more
frequently in western economies than restrictions on demand, as has also been remarked by
van der Laan (1980) and Kurz (1982). Therefore, in this paper attention will be restricted
to cases with rationing on the supply side of households and firms, while the demand side
will never be rationed. In the case of excess supplies, one needs a distributional rule to
determine the final allocation that will result. Such a distributional rule is called a rationing
system. In this paper we will consider the case where each household and each firm has

a fixed predetermined market share, which allows for several interesting special cases like

!The use of H, F, and L for the number and the set of households, firms and commodities, respectively,

will not create ambiguities.



uniform or proportional rationing systems. Our existence results hold a fortiori for more
general rationing schemes admitting fixed predetermined market shares as a special case.

The vector a € Rffl determines the market shares of the households (its components
are denoted by o) and the vector § € Riiﬂ (with components denoted by /) those of
the firms. This rationing system implies that for every commodity [ € L' there exists
r; € Ry such that the supply possibilities for every household h of commodity [ are given
by aftr; and the supply possibilities for every firm f of commodity [ are equal to ﬁlf .

In Sections 4 and 5 we will extensively study the case of an economy with households
facing a proportional rationing system. In a proportional rationing system, o = e,
h € H, so that for every h and [, supply possibilities are given by rel'. In this case r,
can be interpreted as the proportion of good | endowment which is sellable on the market
according to the rationing system, and r is said to be a vector of rations. This mechanism
is justified when rationing is determined by the size of effective demand relative to total
resources and households are treated symmetrically.

The vectors o and 3 only determine the supply possibilities of households and firms.
Households and firms are completely free to demand a commodity and not to make use at
all of the supply possibilities. The rationing system is treated like a black box. In reality
these market shares are determined by all kind of factors that we will ignore in our model,
like the ability of suppliers to sell their products, the location of households and firms, or
the existing relationships between them.

The expectations of available supply opportunities for a household A (firm f) on the
various markets are described by a vector 2" € —]RiII (gf € IRJLFH), called the expected
opportunities for household h (firm f). The vector of expected opportunities (z,y) =
(z',...,2" y',...y") describes the constraints expected in the economy. In equilibrium
the expected opportunities are required to be rational. These expectations should therefore
match the amounts allocated by the rationing system. For the case of the rationing system
with fixed predetermined market shares, the set of all expected opportunities that are
relevant is given by the L'"-dimensional set ZY (fully determined by r for given a and £3),

where
2V = {(g, y) € —RI RV
reRY', Vhe H, Vf € F, 2 = —afm, yf = ffn, 1e L},

Firms are assumed to be profit maximizers. For every firm f, given expected opportunities

gf € ]Rfrn, the set of feasible production plans, s’ (gf ), is defined by
STy = {yf e VI [y <y}

Similarly, for every firm f, given a price system p € R* and expected opportunities gf €
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]Rin, the set of production plans maximizing profit, n/(p, gf ), is defined by
n (p.y") = {7 es"(yN|p- 7 >p-yf, vyl €s/(y)}.

If the set nf(p,gf) is non-empty, then the profit of firm f is defined by ﬂf(p,gf) =p-yl,
for y/ € nf(p,gf). If the set nf(p,gf) is non-empty for every firm f, then the wealth of a
household h, w", is determined by the value of its initial endowments and the shares in
the profits of the firms, w" = p - e + ZfeF Hfhﬂf(p,gf). The budget set olf a household
h facing a price system p € R”, having expected opportunities 2" € —Ri , and having

wealth w” > p - e” is denoted by 7" (p, 2", w"), so
V2 wh) = {xh c xh ‘p_xh < w" and M — e > gh},
and its demand set 6" (p, 2", w") is defined by

& (p, 2" why = {z" € " (p, 2", wh) |2" <M T, Vil € M (p, 2w}

The total excess demand in the economy, given p € RE and expected opportunities (z, g) €
ZY , is defined by

C(pzy) = 8" 2" p- e+ 0" (p,y") =D " =D ! (p,y).

heH feF her feF

We are now in a position to give a definition of an underemployment equilibrium.

Definition 2.1 (Underemployment equilibrium)
An underemployment equilibrium of the economy &€ = (X", 2", &), (Y, (07" nenr) fer,

p",a, B) is an element (p*,z*,y*, 2", y*) € R" x X x Y x ZY satisfying

1. for every household h € H, z*" € 5h(p*,§*h,p* el + EfeF 0/hp* - y*f):
2. for every firm f € F, y*/ € nf(p*,g*f),

3. ZheH o — ZheH e — ZfeF y*f =0,

4. p*II — ]“)‘II‘

The set of all underemployment equilibria of an economy £ is denoted by E. Notice that
the definition of an underemployment equilibrium implies that the expected opportunities
(z",y*) belong to ZY. The expectations match the amounts determined by the rationing
system.

The notion of Walrasian equilibrium fits easily in our framework. This is important
since in many of our results we will be focussing on the possibility of coordination failures,

and therefore non-Walrasian equilibria, at Walrasian prices.



Definition 2.2 (Walrasian equilibrium)
An underemployment equilibrium (p*, 2%, y*, 2*,y*) € R" x X x Y x ZY of the economy
E=((X", =M e, YT, (0 hen) rer, P, a, B) is a Walrasian equilibrium if

1. for every household h € H, 2" < o — el

2. for every firm f € F, y*/ < y*/.

In Sections 4 and 5 we will focus on the subset of economies with no production,
L' = L, i.e. prices are fixed for all goods, and with proportional rationing. We denote this
subset of economies by A. These economies are particularly suited to further discuss our
existence results and to illustrate some properties of equilibria in our model when there is
coexistence of underemployment with rationing and Walrasian prices, i.e., p'' is Walrasian.

Definition 2.1 applied to this class of economies can be easily stated relative to the
underemployment equilibrium vector (p*,z*,r*) € ]RJLFJr X ]Rfi X ]Ri, rather than to
(p*,z*, 2*) . For economies in A, we use the equilibrium ration r* rather than the rationing
scheme z*, as it is more natural in this context. Of course, the two measures are totally
equivalent.

It should be noted that in this special case and when p* = p'! is Walrasian, it makes little
sense to consider cases with r, > 1 for some [, since then households are not constrained
at all in their sales of good [. Indeed, we can state an even stronger property of equilibria
in this special case. Hence without loss of generality we can assume that r € [0, 1]%.

For [ € L, we define

where z = (xl, e xH) is the Walrasian allocation associated to the economy £ with prices

p*. The vector 7(&, p*) gives the ration needed to attain the Walrasian allocation.

Proposition 2.3
For any economy £ € A | given a Walrasian equilibrium price p*, all rations r > 7(E, p*)
are nonbinding equilibrium rations, i.e. the associated equilibrium allocations are Wal-

rasian.

The proof is immediate from the definition of equilibrium.



3 Existence of a Continuum of Underemployment Equi-
libria
3.1 Assumptions

In this section we show the existence of a continuum of underemployment equilibria. We

will make use of the following assumptions with respect to the economy £.

A1. For every household h € H, the consumption set X" is non-empty, closed, convex,
and X" C RY.

A2. For every household h € H, the preference relation <" is complete, transitive, contin-
uous, convex, and for every " € X" there exists 2" € X" such that z"'"" = 2" and

7" <h 7" and there exists 2" € X" such that ! = 21 "I < W1 and 0 <" 2",

A3. For every household h € H, there is 2" € X" such that 2! < ™! and ™! = Ml
and for all I' € L there is 2" € X" such that 2" < el 28 < el and 2] = el
Vi e L'\ {I).

A4. For every firm f € F, the production possibility set Y/ is closed, convex, —]Rfr C Y/,
6" >0, Vh € H, and Y ohen 6/" = 1. Moreover, Y N —Y C {0}.

A5. The price system and the rationing system satisfy p'' € ]Riljr with >, up) = 1,
II II
ae]Rff ,andﬂG]RiLr .

A6. For every household h € H, the consumption set X" = ]Ri, the preference relation

<" can be represented by a utility function u”, where u” is twice differentiable on
R ., out > 0, 0%u" is negative definite on (9u)*,> and u”(et) > u”(z"), for every
= ]Rfr \ ]RJLFJF. For every firm f € F, the production possibility set is described
by a twice continuously differentiable function ¢/ : R* — R, so Y/ = {y/ ¢ R |
g/ (y/) < 0}, and for any %/ on the production frontier {y/ € Y/ | ¢/(y/) = 0} it

holds that 92¢/ is positive definite on (9g7)*.

AT7. The set of group I commodities is empty, and for every [ € L, there exists h € H such
that e ¢ §"(p',0_;,p - €) or there exists f € F such that 0 ¢ n/(p',0,).

AS8. The economy &£ has a well-defined aggregate excess demand function z : ]R_LIr 4 X
ZY — RE I (0, —2,y) < (p,—2y) with pj = pr, 2 = 2y, and y}, = y,,, then
Zl’(plaglagl) < zp (paga g)

2«L” denotes the orthogonal complement.



The often made assumption in the fixed-price literature that X" = ]Ri or that X" +
]Ri C X" is replaced by the weaker assumption A1.> Assumption A2 implies that there
is non-satiation with respect to the group I commodities and with respect to the group II
commodities, a weaker requirement than monotonicity of preferences.

A preference relation <" is said to be convex if ", 2" € X" and " <" Z" implies
T <M ATh 4 (1= \)zh, VA € [0,1).

The somewhat clumsy statement of Assumptions A2 and A3 guarantees that for the
case L' = 0 we make the same assumptions as Debreu (1959). For the case L' > 1,
our assumptions coincide with those of Debreu for an economy consisting of the first L
commodities.

Assumption A6, which will only be needed for part of the results, states the standard
differentiability requirements on the primitive concepts, see for instance Mas-Colell (1985).

Assumption A7, which is also only needed for part of the results, is satisfied if households
and firms are fully rationed in all markets, but the market for commodity /', and households
receive no profit income, then at least one household or firm prefers supplying commodity
' over remaining inactive. By 0_, for some ' € L we denote expectations of no supply
opportunities in the market for every commodity in L being different from ', and no
rationing in the market for commodity /. In particular, 2" = 0_; implies that 2! = 0,
Vi e L\{l'}, and zj = “— o0”, and y/ = 0_p implies that g{ =0,Vle L\{l'}, and
Yp ="
since Walrasian prices are already balanced in some sense. Moreover, that we only need

+00”. Requiring this at Walrasian prices would considerably weaken the assumption,

the assumption in the case households or firms expect to be fully restricted in the supply of
all other commodities is also pleasant, since it means that supplying the commodity under
consideration is the only way to achieve a positive income.

In addition to these primitive assumptions about individual agents, we shall need for our
strongest result (Theorem 3.1.iii) an assumption akin to gross substitution. The assump-
tion used in our proof of that result is a weaker form of the more intuitive Assumption AS.
In the case of exchange economies, A8 could be stated for individual demands and would be
preserved under aggregation. For this case Movshovich (1994) gives assumptions on prim-
itive concepts implying a stronger form of A8. The specialized economies to be considered
in Section 5 can also be shown to satisfy AS.

Assumption A8 states that the net demand for any one good does not increase when the

prices and /or supply possibilities of other commodities are decreased. It is not required that

3Examples where the usual assumptions are not satisfied but ours are, concern group II commodities for
which there is a clear physical upper bound on consumption in a given time interval, or commodities that
can only be consumed together with a sufficient amount of another commodity. For instance, consumption
at a remote place can only take place together with certain transportation services. Some services cannot

be supplied without sufficient education.



the net demand for the other commodities increases. Actually, we only use that assumption
starting from a competitive equilibrium, and still in weaker form. But we are unable to
illustrate meaningfully what is gained by the weakening. For instance, the assumptions on
individual primitives required to guarantee gross substitution at a competitive equilibrium
imply gross substitution everywhere.

We could state A8 for correspondences, following Polterovich and Spivak (1983), but

we use it in conjunction with A6, hence for functions, and therefore state it for functions.

3.2 The Existence Theorem

Consider two underemployment equilibria (p*, 7%, 7*,2*,7*), (p*,2*,¥*,2,¥") of an econ-
omy &. These two underemployment equilibria are said to be different if there exists a
household A such that z** # 2*". There is at least one household receiving a different
consumption bundle. The way in which the production of the consumption bundles takes
place or the prices against which trade takes place is of no concern for the notion of dif-
ferent underemployment equilibria. A stronger criterion for the distinction between two
underemployment equilibria is given by the consideration of the utility tuples of the house-
holds. Two underemployment equilibria (p*,7*,7*,z*,7") and (p*,2*,7*,2%,7") are said
to be strongly different if there exists a household h such that z** =" 7" or 7" =" T+,
Notice that two strongly different underemployment equilibria are also different. Our first
aim is to provide conditions for the existence of a continuum of (strongly) different under-
employment equilibria.

By Debreu (1959), (1) and (2) page 77, it follows that the set of attainable allocations of
the economy &, A = {(z,y) € X xY | Snen = en eh—zfeF y/ = 0}, is compact. Let
b > 0 be such that ||(z,¥)||. < b, V(z,y) € A. Since A is compact, such a b exists, and since
(e,0) € A it follows that b > maxyecp ez €. Observe that all different underemployment
equilibria are obtained when attention is restricted to expected opportunities (g,g) ezY
satisfying, for every [ € L', min{—g?,g{ | h € H, f € F} <b. The set of underemployment
equilibria sustained by such expectations is denoted by F.

The extent to which the market for a commodity I € L' is employed in an underem-
ployment equilibrium (p*, z*, y*, 2*,y*) in E will be measured by the number v; € [0, 1],
where

v = %min{—g?‘h,g;f |he H, f € F}.
If v; = 0, then the market for commodity [ has collapsed completely and no supply is
expected to take place. If v; = 1, then no binding constraints on supply are expected

in the market for commodity [. We will need this measure of employment to distinguish



between different underemployment equilibria.*

Theorem 3.1
Let £ = (X", =" eMpem, Y7, (0" hen) rer, U, o, B) be an economy with H > 2.

(1) Under A1-A5, the set of underemployment equilibria E owns a connected component
E° which includes an underemployment equilibrium with max;cpnv;, = v for all v €
(0,1].

(ii) Under A1-A6, L' > 1, or L' =0 and A7, generically® in initial endowments, E owns
a component E° which contains a continuum of strongly different underemployment

equilibria.

(iii) Under A1-A6 and A8, if p"' = p*" with (p*,x*,y*, 2*,y*) a Walrasian equilibrium, E
owns a component E° which ranges from an equilibrium with approximately no trade

in group II commodities at prices p < p* to the competitive equilibrium (p*, z*, y*, 2*, g*).

Proof. See the Appendix.

3.3 Interpretation of the Theorem

Theorem 3.1.i states that there is a connected set of underemployment equilibria ranging
from an underemployment equilibrium with arbitrarily low trade in the group I commodi-
ties to an equilibrium without rationing in the market for at least one group I commodity.
The markets for the group I commodities are in equilibrium without rationing. This
means that there are many different expectations leading to an underemployment equilib-
rium, ranging from the expectations that no household and no firm will supply a positive
amount of any group II commodity, to the expectations that at least in one market for
group IT commodities free trade without rationing is possible. There exists an underem-

N *
) g ?

ployment equilibrium (p*, z*, y*, 2*, y*) € E° with 2 arbitrarily close to e, and y
and y* all arbitrarily close to zero, so with all v; arbitrarily close to zero. Furthermore,
there exists an underemployment equilibrium (p*, z*, y*, 2%, ) € E° where for some [ € L1
it holds that no household and no firm faces binding expected opportunities in the market

for commodity I, so 3" — el > 2" Vh € H, and y;/ < g}‘f, Vf € F, and v; is equal to

4For the special case of £ € A, it is possible to take b = max;cr, Y oheH e;’. Note that 7, < 1 implies
that v; < 1, all I. In fact, v; will be in general strictly less than one, since v; = (1/b) r; mingep el all
[. For economies in A we will frequently use r to distinguish between different equilibria as it has a more
straightforward interpretation. Of course, r; and v; are just linear transformations of each other.

5When L'=0 and A7 hold, the qualifier ‘generically’ can be omitted.
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one. These two “extreme” equilibria are contained in a connected set of underemployment
equilibria.

Figure 1 to 3 illustrate some possibilities for the structure of the set of underemployment
equilibria when £ € A, prices are Walrasian, and L = 2. Since there are L instruments to
clear L markets, so there are I — 1 independent market clearing equations by Walras’ law,
one expects a 1-dimensional set of equilibria under suitable regularity conditions. When
r exceeds T(&,p*), these regularity conditions are obviously violated, which explains the

rectangular area in Figures 1 to 3.

T2 T2 T2

A A A

Figure 1 Figure 2 Figure 3

We will show by means of Example 4.1 in Section 4 that it is possible that there is no
underemployment equilibrium in the set E with v; exactly equal to 0 for all [. However,
we notice that for £ € A, no trade equilibria are always underemployment equilibria with
rp =0 all [ (hence, with v; = 0, all /) when the price system is strictly positive.

In principle, underemployment equilibria obtained in Theorem 3.1.i may all correspond
to the same allocation. This is for instance the case if initial endowments are Pareto
optimal. Otherwise, it is well-known that Walrasian equilibria will involve nonzero trade
in at least one market. Therefore, Theorem 3.1.i already implies existence of non-Walrasian
underemployment equilibria when the price system is Walrasian and initial endowments
are not Pareto optimal.

However, the situation could still be the one of Figure 3. There are two possible under-
employment equilibrium allocations, the no-trade allocation and the Walrasian allocation.
This case is dismal from an economic point of view, because arbitrarily small perturbations
away from competitive expectations would then lead to a severe depression. The second
example in Section 4 discusses such a case in detail.

Theorem 3.1.ii makes clear that generically the continuum of underemployment equilib-

ria that is shown to exist in Theorem 3.1.i yields a continuum of strongly different under-
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employment equilibria, with or without rationing. Keeping everything fixed, except initial
endowments, there exists a subset Q of RY! such that the closure of R\ © in R”” has
Lebesgue measure zero, and for every specification of initial endowments (e!,... ") € Q,
there is a continuum of strongly different underemployment equilibria. Generically in ini-
tial endowments, there is a continuum of different utilities that households can have in
an underemployment equilibrium, irrespective of the prices of group II commodities being
compatible with competitive values or not. If those prices have competitive values, then
the Walrasian equilibrium is one of the underemployment equilibria. There is a continuum
of equilibria that involve rationing. This follows immediately from the fact that Walrasian
equilibrium is generically locally unique. Generically in initial endowments, the set of
underemployment equilibria is therefore as depicted in Figure 1 or 2.

Under which circumstances is there a continuum of underemployment allocations near
a competitive allocation? For such a result to be true, it is necessary that p'' be compatible
with a competitive equilibrium. Theorem 3.1.iii shows that the connected component of
underemployment equilibria containing an equilibrium with approximately no trade in
group I commodities also contains a Walrasian equilibrium if A8 is invoked, i.e. the
structure of the set of underemployment equilibria is as in Figure 1. From this it follows
by a simple argument that there is an underemployment equilibrium with min;c; i v; equal
to any v € (0, 1]. Values of v close to one correspond to approximately Walrasian equilibria.
Theorem 3.1 is striking since it even holds in the circumstances that are most favorable
for competitive equilibrium: all prices of group II commodities equal to competitive values
and, in a world with time and uncertainty, all future commodities belong to group I.

The intuition behind Theorem 3.1 is best explained by considering the case where
group II consists of commodities that we call labor services and group I of consumption
goods. Labor services are supplied by the households to the firms, which use them to
produce the consumption goods. If households expect that the total demand by firms
for labor services is low, then households expect to have low incomes, and express low
demands for consumption goods. Even though consumption goods belong to group I, so
their markets clear, firms need to hire few labor services to meet the depressed demand
for consumption goods. The low demand for labor services by firms thereby confirms
the pessimistic expectations of the households. Theorem 3.1 makes clear that there is a
continuum of pessimistic expectations that are sustained in equilibrium.

As Dreze (1997) argues, this reasoning can be given empirical underpinning. Theo-
rem 3.1 shows that this reasoning can be verified formally. For the result to hold one needs
downwards rigidity of the prices of the group II commodities. Otherwise, excess supplies
of group IT commodities could lead to lower prices of these commodities. However, Theo-

rem 3.1 makes clear that also at those lower prices, there is again scope for coordination
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failures. It may be difficult to get out of a situation with coordination failures. All the
households and firms together would have to revise their expectations simultaneously. An
explicit dynamic process of expectation formation on prices and supply opportunities is
presented in Section 5.

Following the arguments of Dreze (1997), Theorem 3.1 has even more important eco-
nomic consequences. For instance, it makes clear that the observation of excess supply is
not sufficient to infer the existence of price and wage distortions. Indeed, Theorem 3.1.i
and 3.1.ii hold for any price system for the group II commodities, whereas the prices of the
group I commodities are completely flexible. When prices or wages are not at competitive
values, their distorting effects can even be magnified by coordination failures as expressed
in Theorem 3.1.i. Because of the multiplicity of underemployment equilibria, the modelling

of dynamics becomes crucial, and history will play an important role.

4 Two Examples

In this section we study two examples of our economies which will help illustrate Theorem
3.1.

The first is an example of an economy, which displays no underemployment equilibrium
at which v; =0 for all [ € LM.

Example 4.1

Consider the economy £ = ((]Ri), <! (1,1),(Y/,1),1,, 8), where <! is represented by
the utility function u'(z}, ) = zlad, Y1 = {y' € R2 |y} <0, y} < /—ui}, L' = 1,
and L™ = 1. The rationing system (c, 3) can be chosen arbitrarily (satisfying A5). This
example satisfies A1-A5. Therefore we know by Theorem 3.1.i that there exists a connected
set of underemployment equilibria that contains an underemployment equilibrium with
max;cnv; = vy = v, for all v € (0,1]. Solving the firm’s profit maximization problem
yields that for every pi € Ry, for every y. € Ry, n'((p1,1),y5) = {p1/2,—(p1)?/4} and
7 ((p1,1),y5) = (p1)?/4. Since the firm never wants to supply commodity 2, it is never
affected by the supply opportunities expected in this market.

Let the household be constrained by x) — 1 > —wv. If it supplies v to the firm, then
p1 = 24/v is required for profit maximization. At that price, the unconstrained demand of
the household is z; = (14+2)2/(2p1), #2 = (1+8)?/2. Hence, 1, —1 < —v = 1—(py)?/4 iff
P < %, or equivalently v < é, in which case the constraint is binding. There is a continuum
of strongly different equilibria for v € (0, %] with p; = 24/v; but there is no equilibrium at

v = 0, since this would imply p; = 0 and excess demand of good 1.
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In Example 4.1, firms can transform labor into the consumption good at unboundedly large
rates for small amounts of labor. Firms keep supplying the consumption good, no matter
how low its price. This unrealistic feature drives the price of the consumption good to
zero if expectations on employment are very pessimistic, which excludes the existence of
an equilibrium at v = 0. If an input vector subject to supply rationing is used to produce
an output not subject to supply rationing and desired by consumers, then technology and
tastes should be such that there exists a relative price for the output at which it is neither
supplied nor demanded, given the prices and expected opportunities for the other goods.
It is difficult to formulate assumptions on primitives that imply such a property, which

should be related to the existence of a finite rate of transformation of inputs into outputs.

The second example shows, in the context of economies in the class A, that Theorem
3.1.ii does not hold without Assumption A7, and we might not even have a continuum of

strongly different rationing equilibria.

Example 4.2

Consider an economy £ € A with H = 2 and L = 3. For each household, the budget set
at a Walrasian price system p, without the rationing constraints, forms a triangle in ]Ri’r L
The rationing constraint corresponds to a line on the triangular surface of the budget set.
Observe that the line associated with the constraint z; — e > —ryej is parallel to the
axis of good 2. The lower ry, the farther away this line from the axis. A similar situation
occurs for the constraint on good 2, which is parallel to the axis of good 1. For good 3,
the constraint line is parallel to the base of the triangle.

The Edgeworth box in this economy is a parallelepiped. The common budget set is a
plane (which contains the two triangular budget sets of each consumer). The intersection
of the box with this plane will in general have the shape of an irregular convex hexagon,
with parallel opposite sides, corresponding to the area common to the triangles. Observe
that in the Edgeworth box a given r cuts the budget set from opposite sides for the two
households. Graphically, it is therefore convenient to use rf to label the line corresponding
to r; for household h. At the Walrasian allocation, there is an indifference surface tangent
to this triangle. Any lower indifference surface cuts the triangle in a (deformed) circular
fashion.

We now construct an example of nonexistence of equilibrium for some r;. Choose a
Walrasian allocation z* (which is inside the hexagon) and an endowment e as in Figure 4.
At this Walrasian equilibrium, household 1 is selling good 1 and buying goods 2 and 3, and
vice versa for household 2. Corresponding to xz*, there exist a vector (€, p*) of nonbinding
constraints and related lines 7. Note that this vector can be computed without completely

specifying the degree of convexity of u”. Choose r; < 71(&,p*), so z* is not feasible for
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Figure 4

household 1. In Figure 4, we are now on the line ;. We are forcing household 1 to consume
more of good 1. Intuitively, if goods 1 and 2 are complement, this household may want to
consume a lot more of good 2 as well, say. This is represented by the shape of household
1’s indifference ellipsoids, H'.

The optimal choice for household 1 is then shown at point A. We have to show that
there are 75 and r3 less than 1 that yield an equilibrium. Graphically, this means that the
optimal choice B for household 2 should coincide with A. Choose any r2 and r2. If 2} is
attainable for household 2, B = x} and trivially there will be no equilibrium. If A is not
attainable for 2, then again there is no equilibrium. If x* is not attainable for household
2, but A is, we can find u? that leads to indifference ellipsoids H?. Again, B # A, and no
equilibrium obtains. Small changes in e” (in the fiber given by p),u" and r; do not alter
the result, and in this sense the example is robust.

Hence the normalization max; r; = v cannot be substituted with r;, = k. In a worst-case
scenario, the indifference surfaces of the two households leave only two possible equilibria
(in the allocation space): z* and e. Observe that in this situation an equilibrium is obtained

for r1 = r3 = 0 and any ry € [0, 1], the 3-dimensional analogue of Figure 3. This is because
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if r3 = 0, household 2 does not care about the level of ry, and similarly if r; = 0 household
1 does not care about ry (ry is not binding). Hence for any v € (0, 1], an equilibrium will
be given by o = v, and r; = r3 = 0. These are not strongly different underemployment
equilibria. It follows that the example violates Assumption A7.

Finally, it is apparent that the existence problems arise because of complementarities
across goods. If we assume some sort of gross substitutability, see Assumption A8, the
competitive equilibrium is unique and Theorem 3.1.iii implies that we can move from
Walrasian equilibria to arbitrarily severe underemployment equilibria without jumps in

(the expectations about) r.

5 A Specialized Economy

In this section, we illustrate further the bearing of Theorem 3.1 by considering a special,
and specialized class of economies in A, namely: a pure exchange economy, with the number
of goods L equal to the number of households H; with the aggregate endowment of any
good h € L accruing entirely to the similarly (re)numbered household h € H = L; and
with household preferences represented by log-linear utilities.® That is, e} = 0 whenever
h # [; and for each h,

L L
u(z") = Z a) logz), with " € S* = {a € RL_| Zal =1}.

=1 =1
A specialized economy, fully defined by the parameters (a",e”) € S* x RE, h=1-.-H,
satisfies assumptions A1l through AS8.

5.1 Equilibrium in Specialized Economies
Given a price vector p € ]RiJr and a vector of rations r € [0, 1]¥, each household A solves
max,, u®(zh)
s.t. p(xh —eh) <0 (1)
> (1 —rp)el.
Let 7, = 1 — ag. If 7, > 7, the solution to problem (1) is the same as that obtained if

r, = Tp,. It simplifies exposition w.l.o.g. to assume henceforth that r, € [0,7,],h =1--- H.

The solution to problem (1) is then given by:

h __ h
oy = (1—rp) e} @)
h
h __ a h ._ ,th h ._ ,lh
P = 1,’(12 Ph Th € 1= a) pp Ty ey = a)t qp, L # b,
The representation is extended to non-positive consumptions by defining u”(z") = —oo when z} =0

for some /.

16



thereby defining g, = puriel.
Equality of effective demand and effective supply imposes, for each [ € L,

1 1
— Z al'q, = riel = —q. (3)
D hrl D

Define the matrix A’ by a}, = —1, a}; = a’!", h # [; (3) then takes the simple form A’q = 0.

It is readily verified that the matrix A’ has rank L — 1.” Hence (3) implies that ¢ is
fully determined by the primitives (a”, e"),—1..;y, up to positive scalar multiplication.

Thus, the ratio ‘fl—*l‘ is a constant defined by the primitives. Similarly, the ratios % are
constants defined by the primitives.

The constraints thereby imposed on the products of relative prices and relative rations
come from the demand side; they simply reflect the first-order conditions for individual de-
mands, which happen to have clear-cut aggregate implications in the specialized economy.

The constraints place no restrictions on admissible prices, if rations are flexible. If all
prices were fixed, relative rations :—’l' would be uniquely defined, at under-employment equi-
libria; but the absolute level of the rations would remain free to vary, between 0 and a level
such that r, = 7, for some h; this is Theorem 3.1(i). Conversely, if the rations were fixed
(say via expectations, or via a supply mechanism), the relative prices would be uniquely
determined, but the overall price level would remain indeterminate (as well as inconse-
quential). Intermediate situations are also possible, with some goods unconstrained with
flexible prices, some with predetermined prices and/or some with predetermined rations.

The foregoing can be summarized in the following proposition.

Proposition 5.1

At under-employment equilibria in the specialized economy, the products of relative prices
pr/pr and relative rations ry, /1y are uniquely determined by the primitives, for every pair of
commodities h,l € H; the absolute levels of either prices or rations v, € [0,7], L =1,---, L
are unrestricted; the absolute level of prices has no consequences for the allocations; the
absolute level of rations determines the extent of under-employment of resources, and there
erists a connected set of different equilibria containing a no-trade equilibrium® and an

equilibrium with at least one good unconstrained (Theorem 3.1,i-ii).

5.2 A Dynamic Interpretation

It is interesting to consider an intertemporal reinterpetation of the above-defined specialized
economy. Let there be T periods indexed t = 1,---,7T. For transparency, we restrict

attention to specialized economies with time-independent parameters and non-storable

"See Bellman (1970), e.g..
8 Existence of the no-trade equilibrium is trivially verified in the specialised economy.
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goods. More precisely, we impose a" = £ a", e" =¢" h=1,--- H, t =1,---,T. For

eacht =1,.--,T, prices p' € RJLr denote present-value prices as of period 1. For instance,
% defines the rate of exchange at time 1 between one unit of good [ available at time ¢ and
one unit of good 1 available at time 1. If prices were normalized by setting p} = 1, that
rate of exchange would simply be p!. Similarly, r} € [0,1] defines the ration for good [ at
time ¢; rt = (---,rl,--+) € %[0, 1] defines the vector of rations at ¢, and r = (---, 7%, --)
defines the intertemporal vector of rations.

Let p = (---,p%---) > 0 be given. We know from Theorem 3.1(i) that there exist
r=(--,rt--)and 2" = (---,2",...),h = 1.-- H, defining an under unemployment

equilibrium. For each h, z" solves the problem

max,he LS S at log it
T
s.t. Yo pia —et) <0 (4)
ot > (1—rl)er, t=1,---,T.

Market clearing requires
H
apt=el =1+ L t=1,---T. (5)
h=1

Without loss of generality, we may restrict attention to solutions verifying

zy = (1= 1})ep. (6)

. . . ~ . N eh_l'ht . .
Indeed, given any solution with £ > (1—7%)el, one could raise 7% to rf = ( bt ) verifying
h

(6); all constraints in problem (4) would be unaffected. The solution to problem (4) is then
given by (6) and

h
a
h

t ht
Pz

T

1 _

T > pirien = a'g,, 1# h, (7)
T=1

thereby defining

1 1 o
=t S st = 13
=1 =1
Equations (6) and (7) imply
platt = pra)”, fort,7 =1,---,T, and for h, [ =1,---, H, h #1. (8)
In turn, (5) and (8) imply

pirt =piri, forh=1,--- H, and for t,7=1,---,T. 9)
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Thus the nominal incomes, and market expenditures (good-by-good), of each agent are
constant across dates in present value terms.

As such, these conditions place no restriction on the evolution over time (the dynamics)
of either prices or rations — only on their products. There results, however, an intriguing
inflation-unemployment trade-off. For two consecutive periods, ¢ and ¢ + 1, we have

t+1
A (10)
gt

That is, intertemporal price increases are accompanied by equiproportionate decreases in
employment of resources.

At given prices, the continuum of under-employment equilibria in theorem 3.1 takes
the form of alternative overall levels of rations r, with relative values pinned down by (10).

In order to generate specific dynamics, one needs to add specific assumptions on the
dynamics of either prices or rations. An example of such assumptions is provided by the
Walrasian price tatonnement (here non-tatonnement), whereby prices are adjusted over
time in the direction of notional (not effective) excess demands. That is, non-zero notional
excess demands exert pressure on prices.

Define

Dy(p', 1) = Z it (phirt =1, p" =p' forall T > t) +al €.
h#l
Thus, D;(p', 1) is the notional demand for good [ at ¢ under stationary nominal price
expectations and with the assumption that agents face no supply restrictions and have

available the full purchasing power of their future endowments. Then 2/ is computed as:°

T
1
piat' (0's) = = D_Pirhel = aipiel, for all L, h (11)

T=t

and
piDi(p',1) = Zaf‘pzeﬁ
h

A simple form of Walrasian price adjustment is

pt-r D1 — e
pi € ’

[=1,---,L. (12)

Over the finite horizon T' the only relevant convergence concept is monotone convergence
towards p*, where p* is such that D! (p*, 1) = e for all h, that is, p* is the Walrasian price

vector.

9D¢(pt, 1) is uniquely defined in the specialized economy. Of course, D,(p?, 1) is not observable; our
example is hypothetical.
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Proposition 5.2

In the specialized economy, process (12) converges monotonically towards Walrasian prices

*

p*.
Proof. See the Appendix.

Proposition 5.2 establishes that Walrasian non - tatonnement tends to a Walrasian price,
even if it may not reach p* over the finite horizon T'. At period T, the economy looks like
our static equilibrium, with appropriately adjusted endowments. Hence the convergence
result suggests that underemployment equilibria at (almost) Walrasian prices are not just a
nongeneric curiosity. Because of the structure of the model, no demand rationing is needed
along the adjustment path. With relative prices fully determined, so are relative rations.

Using (9) and (12), the associated dynamics for rations are given by:

it e = D7)

i Dipt7) (13)

Such a formula is introduced in Citanna et al. (1997) as a direct specification of expecta-
tions dynamics, where the expectations bear on rations, and where the specification reflects
a supply mechanism based on uncertainty regarding market ability to absorb supplies above
a certain level, and on the assumption that unabsorbed supplies are wasted.

According to (13) and consistently with (10), excess notional supply at ¢ triggers more
optimistic expectations about rations at ¢ + 1. One explanation is that excess notional
supply at t leads sellers to expect lower prices, hence higher demand at ¢ + 1. This is
precisely the direction suggested by Walrasian price adjustments.

If, for some ¢, prices are Walrasian, rations stabilise as per (13). Their level remains ar-
bitrary (or perhaps predetermined), because the overall level of rations throughout the
process remains arbitrary (as per Theorem 3.1). More precisely (Proposition 5.1), if
(p',7)i=1...r support an under-employment equilibrium, then (u p',7'), n € Ry support
the same equilibrium; and (u p',v #),v € R,, v such that v#* < 7' for all ¢, support a
different (v # 1) equilibrium with all quantities rescaled by the factor v. A specific value
v also corresponds to a specific initialization of the process.

In the temporal context, the quantities could always be rescaled unezpectedly from some
date t on, prices unchanged. But if the jump had been anticipated, it would have affected
consumption demand at dates 7 = 1,---,¢ — 1, and either prices or quantities would have
been different. The possibility of state-dependent adjustments in ration levels at future
dates can of course be treated formally in a model of time and uncertainty (on an event

tree).
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6 Appendix: Proofs

A first step in the proof is to show that the production possibility correspondences and budget correspon-

dences are continuous.

We compactify the consumption sets and the production possibility sets using the number b as defined
in Subsection 3.2, so X" = {z" € X" | ||a"]|osc < b} and Y/ = {y/ € Y/ | ||y/]|oc < b}. It follows
from a standard argument that there is no loss of generality in using the compactified consumption and
production sets when studying the existence of underemployment equilibria. The feasible production plans,
supply, budget, and demand correspondences derived from X" and V" are denoted by 57, nf, A%, and gh,

respectively. Let us define the set P of prices, expected opportunities, and wealths by

11
P={(p,z",w") E]Ri ><—]Ri xR |p-e" <wh, ande>00rpH-gh<0}.

Lemma A.1
Let the economy & satisfy A1-A5. Then the production possibility correspondence 57 : ]RiII — RY of
firm f is compact-valued, convex-valued and continuous, and the budget correspondence ¥* : P — RE of
household h is compact-valued, convex-valued, and continuous.
Proof
Compact-valuedness and convex-valuedness of 57 are trivial. First we show the upper hemi-continuity of the
production possibility correspondence. Let some gf € ]Rf_II be given, let (g’m)nem be a sequence in ]Rf_II
converging to gf, and let the sequence (y/"),ew be such that y/" € 5/ (gfn). Clearly, (y/")pen remains
in a compact set. Therefore, it has a converging subsequence, also denoted by (y/")ncN, converging to,
say, 7/ € Y. It has to be shown that 7/ € 37 (g'). Since y?" < y¥", it follows that 5/ < y/. Consequently,
g/ sl @f ) and 57 is upper hemi-continuous.

Next lower hemi-continuity of the production possibility correspondence is shown. Let some yf € ]RiII

o I ~f
be given, let (gf Jnew be a sequence in ]RJLr converging to gf, and let g/ be an element of sf(gf).

The correspondence 5/ is lower hemi-continuous at gf if there is a sequence (y/ ")nelN in R such that
yI" esl (g’m) and y/" — 7/, Let the sets L and L be defined by
L={leL"|gl >0},
L={ler"|g] <o}
For n € N, let A" € [0, 1] be defined by

. yl"
M = min { min = 1% .
leL

For n € N, let y/* be defined by

g = N

It holds that y/" € V7 since 0 € Y/ and Y/ is convex. Moreover, for | € L it holds that ylf" =

n " n n n n —~ n .
Mgl < gy’—fylf = y/", and for [ € L it holds that y/" <0 <7l So, yf" € 5 (y/"). Notice that
l Yy y

n f n
A" — min {minlef %—;, 1} = 1. Therefore, it follows that y/" — 77.
1
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Compact-valuedness and convex-valuedness of 3" are trivial. Let us show upper hemi-continuity of
the budget correspondence. Let some (p,Z",@w") € P be given, let (p”, 2", w""),ew be a sequence in
P converging to (p,Z",@"), and let the sequence (z""),cn be such that 2" € 7 (p™, 2", w""). Clearly,
(a:h" )neN remains in a compact set. Therefore, it has a converging subsequence, also denoted by (xhn)nelN,
converging to, say, T € X" 1t has to be shown that Z" € AP, 2", w"). Since p"-z"" < wh” it follows that
p-T" <w". Since "™ — eh Il > 21" it follows that 1 — emT > 2" Consequently, Z" € 3" (p, 2", w")
and A" is upper hemi-continuous.

Finally, lower hemi-continuity of the budget correspondence is shown. Let some (p,Z",@w") € P
be given, let (p”, 2", w"" ) e be a sequence in P converging to (p,z",@w"), and let Z* be an element of

A" (p,z",@w"). The correspondence 7" is lower hemi-continuous at (5, 2", @") if there is a sequence (" ),en
in R” such that z"" € 3" (p™, 2", w"") and z"" — Z". Let the sets L and L be defined by

L= {lELH|:El —el <0},
L={leL"[z} —e>0}.

Now two cases have to be considered, p-Z" < w" and p- 7" = w".

Case 1. p-Z" < W". Let 2" € X" be chosen such that 7! < elland 211 = P11 For n € N, let
A" €0, 1] be defined by

B
A" = min {mln ﬁ,l}. (14)
€L T — el
For n € N, let z"" be defined by

2" = AEh 4 (1= APT)Eh

It holds that zh" € X" by convexity of X+, Moreover, using that p-Z" < @w" and p” - 2" < p™ - el <w"”,
it holds for n sufficiently large that

P wh" — )\h"pn .gh + (1 _ )\h")pn .gh < )\h"wh" + (1 _ )\h")wh" — ,wh"-
Furthermore, for [ € L,
h" h R (=h _ _h £ —h h h"
' —e =N (T —e) > h(xz_ez)ziz )
and for [ € L,
a:;’" —e,hZOZgln

So, for n sufficiently large, =" € " (p", 2", wh"). Notice that

— _h B

h® . zZr
A 5> min<min ———,1, =1,
leL .Tl — el

so it follows that " — Z".

Case 2. p-T" = wh. Let 2* € X" be such that 2% < eM!, and zP! = eM!. Choose 78 € X"
as follows. If B, > 0 for some I’ € L', then let 2" be equal to z". Otherwise, there is I € L' such
that pjh - Z'" < 0. Then let " be such that #! < €Ml %ﬁ, = el —e with ¢ < =2, and 2} = e},

Vi € L™\ {I"}. Tt follows from A3 as well as the convexity of X", that indeed Z" can be chosen in the way
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described above. Notice that p-z" < @w" and zJ}, < @k — e},. Clearly, there exists m € N such that for all
n>m, p"-T" < wh" and gfﬂn <zh —el. Forn >, let A" € [0,1] be defined as in (14). For n > 7, let
z"" be defined by

2 = P OPE (1= AR 4 (1 ),

where p"" is given by p?" = 1if p”- (N Z" 4+ (1 =A"")z") < w"”, and p"" = (w"" —p™-Z")/(p"- (N " +
(1 — AP")zh — ")), otherwise. Notice that p*" € (0,1) in the latter case. As before, it is easy to verify
that =" € 3 (p", 2", wh"), and that \»" — 1 and p*" — 1. So it follows that z"" — Z" and that 3" is

lower hemi-continuous. Q.E.D.

Lemma A.1 extends the lemma in Dreze (1975), page 304, and Theorem 2.2 in Herings (1996a), page 67. It

leads to upper hemi-continuity of demand and supply correspondences and continuity of profit functions.

Lemma A.2

Let the economy & satisfy A1-A5. Then the supply correspondence i/ : R x ]Rf_II — RL of firm f and
the demand correspondence oh . P > RF of household h are compact-valued, convezr-valued, and upper
hemi-continuous. The profit function 77 : RY x ]RiII — R of firm f is continuous.

Proof

This follows from Lemma A.1 and an application of the maximum theorem. Q.E.D.

Some other properties of 5/ and 5h are readily seen. For instance the boundary behavior that gfl =0
implies z] > el for every z" € gh(p,gh,wh), and glf = 0 implies ylf < 0 for every y/ € 5/ (p, gf). Using
the definition of 7 (p, 2", wh), p- & < wh for every =" € oh(p, 2", wh).

Now we construct a correspondence E such that its zero points correspond to all different underem-
ployment equilibria. Denote the minimal market share in the market for a commodity I € L' by Qq, SO
o :min{afl,ﬁlf |he H, f € F}.

The m-dimensional unit cube is given by Q™ = {g e R™ |0< ¢; < 1,i=1,...,m}. Let (¢1,¢2) :
QX" = ZY be the function that associates to ¢ € Q" the expected opportunities

—al'b b
q |\ —a )
(6%} heH,leL1T Q feFIern

where ¢; (¢q) determines the expected opportunities of the households and ¢2(q) the expected opportunities

of the firms. So, forl e L, ¢, € [0, 1] parametrizes the expected opportunities in the market for commodity

1 F
, (_gl’ bql, R B&—lbql). The expected opportunities range from (0,0) if ¢ = 0, to a vector (z,y) satisfying

min{—g;’,glf | h€ H, f € F} =b. The parameter ¢; coincides with v; as defined in Subsection 3.2.
The correspondence E: ]Ri X QLH — RRY is defined by

()= "0, ot (@)p-e" + D 077 (0,8](0) = D " = > 7 (p, 8] (a)).-

heH feF heH fEF

~ 1 ~ ~
The restriction of ¢ to the set (]Ri x {p''}) x QLH is denoted by (. It holds that (7 is a compact-

valued and convex-valued correspondence that is upper hemi-continuous everywhere, except at the point

((0,pM),0).
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The set of zero pomts of Clﬁn is denoted by Zo = {(p,q) € ]RL X QLH |pt=pand 0 € Z(p, q)}. The
correspondence 1/1 Z() SRYx X xY x ZY is defined by relating the set

{p} (( [15"(n. 6t (@.p e +Z 077 (p, 64 (q )x 7 (p.0L(a )) ) < {(@1(0), 62(0))}
heH
o (p,q) € Zy. Then 12(20) is the set of all different underemployment equilibria of &, 12(20) =E.
To prove Theorem 3.1.i we will use a fixed point theorem. In fact, Browder’s fixed point theorem (see
Browder (1960)), and the extension of it to correspondences as stated in Theorem A.3 (see Mas-Colell
(1974), Theorem 3, page 230) will be needed in the proof.

Theorem A.3 (Browder’s fixed point theorem)

Let S be a non-empty, compact, convex subset of R™ and let ¢ : S x [0,1] = S be a compact-valued,
convez-valued, upper hemi-continuous correspondence. Then the set F, = {(s,\) € S x [0,1] | s € ¢(s,\)}
contains a connected component FJ such that (S x {0}) N Fg # 0 and (S x {1}) N Fg # 0.

The m-dimensional unit simplex is denoted by S™ = {s € ]RTJrl | Zzntl s; = 1} and, for ¢ > 0,
the subset of the cube satisfying that each of its elements has at least one component greater than or
equal to € by Q@™(¢) = {¢ € Q™ | |l¢llo > €}. Obviously, @™(0) = Q™. Now, for ¢ > 0, an artificial
correspondence Z: SE % Q¥ (e) - R is considered. To prove Theorem 3.1.i we take Z(s,q) equal to
((s1,--rsp0,51500', @). The set Z_ = (1 (=RE) = {(s,q) € S¥' x Q" (¢) | {(s,¢) N —RE # P} has a
very special structure as the following result shows.

Lemma A.4

II ~
Lete >0 and p'' € ]RL_ be given. Let ( : St % QLH(S) >R bea colmpact—?lalued, convex—valued,Nupper
hemi-continuous correspondence satisfying that for every (s,q) € St x Q¥ (e), for every z € ((s,q),

(51, Cy ST, SLI+1p ). 2 <0, and, for 1 € L, g = 0 implies z; > 0. Then Z_ has a connected component
VAl such that for every v € [e,1] there is (sV,q") € Z° with ||g"||sc = v.
Proof

~ ~ I 1T
Since ( is a compact-valued, upper hemi-continuous correspondence, ((S* x Q¥ (¢)) is compact, and
therefore there exists a compact, convex set Z satisfying ( (SLI X QLI (¢)) C Z. The compact-valued,
AL

. . I I
convex-valued, upper hemi-continuous correspondences ' : Z — SL°, p? : Z =+ S , and ¢* : ST x

SEM=1 % [¢,1] = Z are defined by

ol(z) = {5€ S| Sieri Sz + 5 pt 2 > s+ spptt 2l Vs € S™ zez,
() = {Fe SE LT > ¢ 0 vee SELY 2 e 7,
P (s,t,0) = (s, Ak), (5,5,4) € 8B x SP1 x [g, 1),

It follows that the correspondence ¢ : Z x SE' x gLt [€,1] — Z x SE' x SE'1 defined by
p(z5,0) = 9 (5,5,0) X 1 (2) x 92(2),  (2,5,5,0) € Z x 7 x § 71 x [g, 1],

is a compact-valued, convex-valued, and upper hemi-continuous correspondence, and the set Z x SL' %

SL-1 g non-empty, compact, and convex. By Theorem A.3 it follows that the set F, = {(z,s,t,\) €

Zx S x SE-1 [e,1] | (2,5,t) € ¢(2,5,t,A\)} contains a connected component F such that (Z x S x

SEM-1 % {e})n FS# 0 and (Z x SE % SEM-1 % (11N F¢ # 0. The connectedness of F¢ therefore yields
I L1 kK gk * .

that, for every v € [¢,1], (Z x S x S x {v}) N FS # . Let some (2*,5*,t*,\*) € Fg be given. So,

t* * *
T ) X ' (2%) x ©*(2%).
o0

(27,87, 8%, A%) € @°(s%, 1%, A") x ! (27) x ? (") = ((s", X"
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Therefore, (si,...,s71) 24 s}

I-th, respectively (I 4 1)-th, unit vector that z! <0, VI € L', and p'' - 2*I < 0.
I
Suppose max;cru 2;° > 0. Since Pl e ]Ri+ and p' - z*! < 0, there exists I’ € L with zj; < 0. From

I+1pII - 2*I < 0. Using that s* € ¢'(z*) it follows by taking s equal to the

max;c oz > 0, 25 < 0, and t* € p*(z*) it follows that ¢;, = 0, implying that z;; > 0, a contradiction.
Consequently, max;c ;i1 2/ < 0. We have shown that z* € —]Ri. The function g : Z x S §EM=1 [e,1] —
SE x Q" (¢) is defined by

t

Tl ), (2,8,t,A) € Z x ST 5 gL e, 1],

9(27 S7t7 A) = (87A

and the set Z¢ is defined by Z¢ = g(Fg). Clearly, for every (s,q) € Z¢, ((s,q) N —]Ri # (. The set Z¢ is
connected by the connectedness of Ff’f and the continuity of g. For every v € [e, 1], there exists (zY, sV,t") €
Z x 81" % L1 such that (2¥,8Y,t",v) € Fg, 50 g(2",8",t",0) = (s“,vm) = (sY,q") € zZe. Obviously,
[1¢°]]co = v- Q.E.D.

The correspondence 5 has a continuum of points with a non-positive vector in its image set. These points
range from a point on the boundary of QLH(S) with every component less than or equal to € to a point on
the boundary of QLH(E) where at least one component equals one.

We are now in a position to give a proof of Theorem 3.1.i. One of the problems we have to deal with

is the possible lack of upper hemi-continuity of Eat a point ((0,p'),0).

Proof of Theorem 3.1.i
For £ > 0, the correspondence (© SE % QLH(E) — R” is defined by (% (s,q) = C(s1,-..,5.1, S P, Q).

Let some € > 0 be given. Notice that (s1,...,s,1) >0 or sL1+1f)ﬂ > 0. In the latter case, g € QLH(E)
implies s;1 Hfaﬂ - ¢2(q) < 0. So, by Lemma A.2 it follows that (¢ is compact-valued, convex-valued,
and upper hemi-continuous. Since ZE satisfies all conditions of Lemma A.4, the set (ZE)’l(—]Ri) has a
connected component Z¢ such that for every v € [g, 1] there is (s, ¢%) € Z° with [|g"||oe = v.

We show that Z¢ = (ZE)_I({O}). Let (s*,q*) € Z¢ be given. Then there is z € ((s*, ¢*) N —]Rfr =
E(s’l‘,...,szl,szl+1;f3{1,q*) N —]Ri. Let p* € ]Ri, g*f € ]Rin, f EF, z*h ¢ —]Rin, h € H, and w*" €
[p* - e 00), h € H, be defined by p* = (sf,...,szl,s*LIHi)H), g*f = ¢){(q*), 2" = ¢h(q*), and w*" =
p* - el + djer 0777/ (p*,y*7). Then there is z*" € gh(p*,g*h,w*h), heH,y enl(p*,y*'), f € F, such
that 5, cp 2" =3 cp e =2 epy’ = 2. Let y*! be defined by y*' = y' + 2, and y*/, f € F'\ {1}, by
y*/ = y7. It remains to be shown that y*' € 7/ (p*,y*/). Since (z*,y*) € A, it follows by the convexity
of <" that z** € 6" (p*,z*", w*"), h € H. Then non-satiation with respect to group II commodities and
convexity of <" implies p* - 2*" = w*", h € H, and therefore p* - z = 0. So p* - y*! = p* - y'. Since there is
no rationing on the demand side, it is obvious that y*! € 5! (y*/), so it holds that y*! € 7’ (p*,y*7).

For n € N, take ¢ = L and denote the resulting connected component of (58)_1({0}) by Z¢(n). By
Hildenbrand (1974), Proposition 1, page 16, the sequence {ZE (n)}nen has a convergent subsequence which
we also denote by {Z¢ (1n)}nen. By Mas-Colell (1985), Theorem A.5.1.(ii), page 10, the closed limit of the

sequence {Z¢ (n)}nen, denoted by Z¢ | is connected since every Z¢(n) is connected. Since ||q||oo > L for
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every (s,q) € Z¢(n), it holds that the set EC_ =7\ (SLI x {0}) is connected. For every v € (0, 1] there
is (s¥,qY) € Z° with ||g"]|sc = v.

Let (5,7) be an element of Z¢ . Then there exists a sequence of points {(s", ¢") }new such that ||¢"||ec >
0, Zo(s",q”) =0, and (s",¢") — (5,79). We show that 5;1,;, > 0. Suppose 5,1, = 0. Then ZO(E, q) =
E((El, ...,5.1,0),7), and since 5; > 0 for some [ € L, it follows by upper hemi-continuity of Ethat
0€ E((El, .,501,0),9) € C((515.-+,5.1,0),01(7), #2(7))- This leads to a contradiction, because the non-
satiation with respect to group II commodities implies (((51,.-.,571,0), #1(7), (7)) = 0. Consequently,
51, > 0, for every (5,9) € Z°.

The function g : Z¢ > RY x QLH is defined by

g(s,q) = ((

S1 Sp1

AR 7p/‘{1)7q)’ (S7q)EZC—-
SLIJrl SLI+1

~

If (p,q) € g(Ei), then there exists a sequence of points {(p", ¢") }nen such that ||¢"|| > 0, 0 € {(p™, ¢"),
and (p”, ¢") — (P,q), and the upper hemi-continuity of E at such a point (p,q) implies 0 € E(ﬁ,ﬁ). The set
28 is defined by 28 = g(Ec_). It is immediate that 28 is connected. The set E° is defined by E¢ = @Z(Z‘j)
We finish the proof by showing that EC is connected.

By Lemma A.2 and the continuity of the functions ¢; and ¢ it follows that ’Q/ZJ\ is a compact-valued,
convex-valued, and upper hemi-continuous correspondence. Suppose EC¢is not connected, then there exist
two disjoint, non-empty sets E! and E? such that E' and E? are both closed in EC and E* U E? = E°.
Therefore, by the upper hemi-continuity of 1, it holds that ¢~ (E") and ¢~ (E?) are closed in ZS. Suppose
7€YY EYNP~L(E?). Let £, €2 € (g) be such that €' € E' and €2 € E2. Then A& + (1 — \)€2 € 4(7),
YA € [0,1], since @(G) is convex, so 2 is an element of the connected component in Ee containing ¢!, a
contradiction to the construction of the sets E* and E2. Consequently, ¢~ (E*)N¢~1(E?) = §. Moreover,
Y (EY) U (E?) = Z§, while both ¢! (E') and ¢! (E?) are closed in ZS. So Z¢ is not connected, a
contradiction. This concludes the proof that E°¢ is connected. Q.E.D.

Proof of Theorem 3.1.ii, Case L' =0

By Theorem 3.1.i, Ehasa component E° which includes an underemployment equilibrium with max;c ;v =
v for all v € (0,1]. If there are two different underemployment equilibria in EC, then there is a continuum
of different underemployment equilibria in E¢ by the connectedness of E°.

Suppose there are not two different underemployment equilibria in E°. Then, for every v € (0,1]
there is an underemployment equilibrium in E¢ with max; ., v; = v and allocation (z(v),y(v)), where
(v) = 2(1), 2 (v) — " > ¢l (q(v)), h € H, and y/ (v) < ¢1(q(v)), f € F, with [lg(v)]|e = v. Now, for
every v € (0,1], z(1) — e > ¢"(q(v)), implying that 2"(1) > e, h € H. Moreover, for every v € (0,1],
Shen (1) = Xpepe + 2ter y/(v) < Yheme" + Y ter ¢£(Q(U))a implying that 2" (1) = e", h € H,
and 3 ¢ pp yf(v) =0, Yo € (0,1].

Suppose there is f' € F such that y/' (1) # 0. By choosing y/ = 0, f € F \ {f'}, it follows that
y!' (1) + Zfep\{f,}yf = y/'(1) € Y, and by choosing y/" = 0 it follows that EfeF\{f,}yf(l) +yl =
—yf'(1) €Y. So, 0 #y/ (1) € Y N =Y C {0}, a contradiction. Consequently, y/(1) =0, f € F.
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Let I’ € L be such that there is no rationing in the market for commodity I’ at the underemployment
equilibrium (p', 2(1),y(1),2(1),y(1)). There is h € H such that e* ¢ 6" (p'!,0_;,p!* - ") or thereis f € F
such that 0 ¢ nf(p',0_;). In the latter case there is 5/ € s/(0_;) such that p -7/ > 0. The convex
combination Ay + (1 — A)y/ (1) = Ay’ belongs to s/ (y/ (1)) for A sufficiently small since glf, (1) > b, while
P77 > 0, a contradiction to ptt-yf (1) = p!'-0 = 0. In the former case there is Z* € v*(p!,0_p,pl-eh)
such that T" =" e*. Since 2} (1) < —b < —el: it follows that y*(p'!,0_;,p!! - e?) C 2 (P!, 2"(1),p! - e) =
PN (1), et + 3 e 077p - yf (1)). This leads to a contradiction with z" (1) = e”. Consequently,
the hypothesis that there are not two different underemployment equilibria in E¢is false, and there is a
continuum of different underemployment equilibria in EC.

The existence of a continuum of strongly different underemployment equilibria in E° follows immedi-
ately if there is h € H such that e* ¢ §"(p'1,0_;,p!" - e?) since v*(p',0_p, pt - e?) C (P!, 2"(1), ! -
e+ 3 ep 0P YT (1)), s0 e ¢ M (P, 2" (1), P - " + 3 e p 077D - yf (1)) and e <" 2P (1). If such
a household h does not exist, then by assumption there is f € F such that 0 ¢ n/(p'1,0_p). It follows
that 0 ¢ n/ (P, y7(1)), and 7/ (', y/ (1)) > 0. Let h € H be such that /" > 0. Then there is an open
neighborhood O of e” such that pi! -z < pll.eh + Y rer oFhmf (p11, y7 (1)), Vz" € O, and by non-satiation
with respect to group II commodities at the initial endowment there is " € O N X" such that e® < z"
and e® <" 2. Clearly, 7" € v*(p!, 2"(1),p - " + dfer thnf(i)n,gf(l))), so z*(1) = e, and it follows

that there is a continuum of strongly different underemployment equilibria. Q.E.D.

Proof of Theorem 3.1.ii, Case LI > 1
Let some I' € LI be given. For e € RYY, &(e) = (X[, =8, (el epiopy)nen (Y, (07" nen)rer) is
the projection of £ on the coordinates corresponding to the commodities in L' U {I'}, fixing the other
coordinates at the values of the initial endowments or at zero. So XJ} = ]Rf“, <P is defined by " <! z"
for 7,3 € Xhif T <t % withT =z le NU{I'}, & =0 1 e LLU{l'}, and T = ¢ and
%;l = e} otherwise, and Yl,f = {(y{,...,yil,yl’f) e RV'! | (y{,...,yéI,O,yl’f,O) € Y/}, For all h € H,
fix the initial endowments of commodities I € L\ {I'} and denote this H (L — 1)-dimensional vector
by €(—l'). Similarly, the initial endowments corresponding to the commodities in L' U {I'} are denoted
by the H(L! + 1)-dimensional vector e(I’). It can be shown as in Laroque (1978), Proposition 3.1, page
1131, and Appendix, Proposition A4, page 1152, that there is a full measure subset Q(e(—1")) of Rf_&_LIH)
such that, for every e(l') € Q(e(—1")), for every competitive equilibrium of the economy & (e(l'),e(—1")),
there is trade in the market for every commodity I € L' U {I'}. Tt follows by a standard argument that
Qu, the set of initial endowments e € ]Rff for which in every competitive equilibrium of the resulting
economy & (e) there is non-zero trade in the market for every commodity in L' U {I'}, is open. Moreover,
UE(_Z,)e]RH(LH,l){(e(l’),é(—l’)) | e(l") € Q(&(=1"))} C Qu. Therefore, Qp is an open set of full measure,
and €2 = Ny ufY is an open set of full measure.

Let e € Q be given and let E® be a connected component of the set of underemployment equilibria
of & = (X", <" eMnem, Y7, (0" her)ser, DY, o, B) which includes an underemployment equilibrium

with max;c ;i vy = v for all v € (0,1]. By Theorem 3.1.i such a connected component exists.
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Suppose there are not two strongly different underemployment equilibria. For every v € (0, 1] there
is an underemployment equilibrium in E¢ with max; i v; = v, allocation (z(v),y(v)), where z"(v) ~"
2" (1), 2" (v) — ePt > ¢l (g(v)), and yH M (v) < gzﬁg(q(v)), with ||¢(v)||co = v. The allocation (z(0),y(0))
is defined as a limit point of the sequence (z(1/n),y(1/n))men. It follows by market equilibrium, 21 (v) —
eI > gl (g(v)), v € (0,1], and y"1(v) < @] (q(v), v € (0,1], that 211(0) = eh1T and y/11(0) = 0. By
the closedness of A it follows that (2(0),y(0)) € A.

We show that there is A’ € H such that z (1) # 2 (0) or there is f' € F such that y/ (1) # y/' (0).
Suppose, on the contrary, that 2" (1) = z"(0) for all h € H and y/(1) = y7(0) for all f € F. Let I' € L be
such that there is no rationing in the market for commodity I’ in some underemployment equilibrium in
EC. Then it follows that (W) ierroqerys @ (D)) e oy Wi(1))epiugey) is a competitive equilibrium for
the economy & (e). Since e € Q, there is non-zero trade in the market for commodity I, a contradiction.
Consequently, there is b’ € H such that 2" (1) # 2" (0) or there is f' € F such that yf (1) # y/ (0).

Now consider the truncated economy € = ((Yh, <" eM e, (Yf, (0" hen) per), where X' = {z" €
X0 | b > h(g(1)} and V¥ = {yf € ¥/ | yfT < ¢l(g(1)}. Clearly, (p(1),2(1),5(1)) is a
competitive equilibrium for £ and therefore (z(1),y(1)) is a Pareto optimal allocation in £. However, for
every A € (0,1), (Az(0) + (1 — Nz(1),Ay(0) + (1 — A)y(1)) is a feasible allocation (using that trivially
21 (0) — eIl > gh(g(1)) and y/1(0) < ¢L(q(1))) for € that satisfies Az"(0) + (1 — A)z"(1) =" z"(1)
for all b € H. Moreover, Az (0) + (1 — N)z" (1) =" 2" (1) or Ay/"(0) + (1 — A)y/'(1) in the interior of
Y, contradicting the Pareto optimality of the allocation ((1),y(1)) in €. Consequently, there are two
strongly different underemployment equilibria in EC, and, by the connectedness of EC, there is a continuum

of strongly different underemployment equilibria in Ec. Q.E.D.

We generalize the assumptions of Theorem 3.1.iii. To avoid unnecessary technicalities, we consider the case
where Eis a function, denoted by zZ. We parametrize relevant price systems and expectations of available
opportunities by means of a vector ¢ € QY. The first LI components of ¢ are used to parametrize the
prices of the first L' commodities, and the last L components to parametrize the expected opportunities
for the group II commodities. Let p* > 0 be a competitive price system for the economy £. The function
7: QY —» RY is defined by 7,(q) = prqifl e L', and 5,(q) = pfifl € L

The function z : Q¥ — R” is defined by

h, qeq@”.

Notice that H(¢) depends on ¢! only. Let B* denote the boundary of Q* where all components are positive
and at least one is equal to 1, so B = {g € QY | I € L, ¢ = 1 and ¢ > 0}. We say that 7 satisfies the

boundary condition if

Z(q) = 2(p(q), q

Vg € BY, 2Z(¢) = 0 or 3’ € L such that ¢ > IlnlII} q and Zy (q) < IlnaLxEl(q). (15)
€ €

We prove Theorem 3.1.iii with A8 replaced by the weaker A8’ below!.

10A8 leads to the following property: Vg € B”, if ¢y = 1, then 2 (¢) < 0. Let some ¢ € B be given. If
Z(¢) = 0, then Condition (15) is satisfied. If Z(¢) # 0, then ¢ is not the vector of all ones. Let I € L be
such that gy = 1. Then ¢y > min;ey, ¢, and Zp (q) < 0 < maxjey, Z1(q).
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AB’. For at least one Walrasian equilibrium (p*, z*,y*, 2*,y*) of £ the function Z satisfies Condition (15).

Proof of Theorem 3.1.iii
Let some € > 0 be given. First we show the existence of a connected set Z¢ such that for every X € [e,1]
there is ¢ € Z¢ inducing an underemployment equilibrium with Yoier @ = AL.

We extend Z to a subset of the set R = {r € R* | ¢ < Sierm < L} Let p: R — QF be
the projection function that projects r on the set {g € Q' | Yuer @ = Yer 7t} by minimizing the
Euclidean distance to this set. Let the continuous, compact-valued correspondence ¢ : R — QL be
defined by o(r) = {¢ € Q" | X,cp, @t = > ;e 7} and the continuous function g : R x Q¥ — R by
g(r,q) = =¥, (rt — @)*. Then the correspondence that assigns to r € R the set of points 7 € ¢(r)
maximizing ¢(r,q) on ¢(r) is an upper hemi-continuous, compact-valued correspondence by the maximum
theorem. Since ¢(r) is convex for every r € R it follows that there is a unique maximizer. It is clear
that the correspondence coincides with p, so p is a continuous function. Using the first-order conditions it
follows that if p(r) = g, then either ., 7 = L and p(r) =1 or ) ,.; 1 < L and there is A € R, y; > 0,

leL,v>0,1¢€L,such that, foreveryl € L, g =1 — A+ — vy, uq =0 and v;(q — 1) = 0.

The set A is defined by A = {§ € R" | Yuer 6 =0and & > —1,Vi € L}. Then § +1 € R for
every 6 € A and X € [g, 1], with 1 the vector of all ones. The continuous function ' : A x [¢,1] - R”
is defined by ¢! (8, \) = Z(p(d + Al1)). Since ¢! is a continuous function, the set o (A x [g,1]) is compact,
and therefore there exists a compact, convex set Z satisfying ¢!'(A x [g,1]) C Z. The compact-valued,

convex-valued, upper hemi-continuous correspondence ¢? : Z — A is defined by

@2(2):{36A|23l2’l225121, V6EA}, Z € Z.

leL lelL

It follows that the correspondence ¢ : Z x A x [¢,1] = Z x A defined by

p(2,0,0) = ' (0,0) x *(2), (2,0,0) € Z x A x[e,1],

is a compact-valued, convex-valued, and upper hemi-continuous correspondence, and the set Z x A is non-
empty, compact, and convex. By Theorem A.3 it follows that the set F,, = {(z,6,A) € ZxAx[e,1]]| (2,6) €
¢(z,0,A)} contains a connected component Fg such that (Z x Ax {e})NFg # 0 and (Z x Ax{1})NFS # 0.
The connectedness of FJ therefore yields that, for every v € [¢,1], (Z x A x {v}) N F # . Let some
(2*,0%,A*) € FS be given. So, (2*,0*,\*) € ¢'(6*,A*) x ¢?(2*). Let us define ¢* = p(6* + A\*1) and
p* =Dp(q").

Suppose maxey, z; > 0. There is I* € L such that zj; = max;cy, z; and pji > 0. Otherwise, 6* € ¢?(z*)
implies d; = —1 for all | € L with p; > 0, and hence ¢; < ¢ji = 0 where p;; = 0,50 > ., ¢ =0, a
contradiction. Then, since p* - z* < 0, there is [? € L such that z; < 0 and p}, > 0. This implies §}; = —1.
It follows that ¢* >> 0, since ¢; = 0 for some [ € L implies that ¢j> = 0, so 12 e L' and 22 > 0, which gives
a contradiction. Without loss of generality we can assume that d;; > 0. Using that J;; > 0, > = —1 and
q* > 0, it follows from the first-order conditions for the projection that ¢;; = 1. Moreover, for every I’ € L,
if 2/, < maxjer 2/, then §}; = —1, so ¢ = min;ey, ¢ This contradicts A8’, unless ¢* = 1. Consequently,

q¢* =1 or maxjer 2/ <0.
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Since p* is Walrasian it holds that z(1) = 0. The function g : Z x A x [¢,1] — Q¥ is defined by
g(z,8,\) =04+ A1, (2,6,)\) € Zx A x][g1],

and the set Z¢ is defined by Z¢ = g(FS). We have shown that for every ¢ € Z¢, Z(q) € —R}. As in the
proof of Theorem 3.1.i it follows that Z(¢) = 0. The set Z¢ is connected by the connectedness of Fg and
the continuity of g. For every \ € [e, 1], there exists (2*,0*,\) € Fg, so g(z*, 0N \) = (M + A1) = ¢* € Z°.
Obviously, » ;. q = AL.

For n € N, take ¢ = % and denote the resulting connected component of {qg € QF | EleL q > €
and Z(g) = 0} that contains 1 by Z§(n). Obviously, Z§(n') C Z§(n?) if n' < n2. By Mas-Colell (1985),
Theorem A.5.1.(ii), page 10, the closed limit of the sequence {Z§(n)}nenw, denoted by Z§, is connected.
For every A € (0,1] it holds that there is ¢* € Z§ with dier ql)‘ = AL, and by continuity of Z at any such
point, it follows that Z(¢*) = 0. Moreover, since for every A € (0, 1] there is ¢* € Z§ with dier q = AL
it holds that for every v € (0,1] there is gV € Z§ with max;c g, = v, and for every v € (0, 1] there is
q¥ € Z§ with min;c ;i g = v. Let the set of underemployment equilibria E¢ be defined by

D (7 11 L L >
EC=¢({(pla),q) € Ry x Q" | q € Zy\{0}})
As in the proof of Theorem 3.1.i it follows that E¢is connected, whereas the properties given above imply
that for every v € (0, 1] there is an underemployment equilibrium in EC¢ with max; ;1 v; = v and for every
v € (0,1] there is an underemployment equilibrium in E¢ with min;c ;i v; = v. The set Ee ranges from
an equilibrium with approximately no trade in group II commodities at prices p < p* to the competitive

equilibrium (p*, z*,y*, 2", y*). Q.E.D.

Proof of Proposition 5.2

To see this, set 62 =1 for all h, an innocuous quantity normalization which simplifies notation. Then

p' D= Ap'and p''= Ap' (16)

t+1 t
The monotonicity property is ming p;* > miny, %, with strict inequality whenever pt %+ p* at
h h

don P = > h Dhe

h L . t+1 ¢ t — rin. Ph. oot
From (16) and a” € S*, it follows that » ,p;" = >, p|.- Let o' = min, ﬁ, that is, o' is the

maximal number « such that pz > atp;‘b, for all h. Because pt and p* are positive, a' > 0. Unless
pl=p*, ol < 1.
We know that p* = Ap*. Hence, using (16): p'™! — a'p* = A(p' — a'p*), where pl, — a'p} > 0,

>on p, —alps =1 —a and af‘ > 0 for all h,[. Accordingly, unless p' = p*, pzﬂ —a'p; >0, s0
{41

that a/t! = min, p;;—* > al.
h

Therefore, the a'’s generate an increasing sequence bounded above by 1, and serve as a Lyapunov

function, showing the result. Q.E.D.
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