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LIKELIHOOD INFERENCE IN AN
AUTOREGRESSION WITH
FIXED EFFECTS

GEERT DHAENE
University of Leuven

KOEN JOCHMANS
Sciences Po

We calculate the bias of the profile score for the regression coefficients in a mul-
tistratum autoregressive model with stratum-specific intercepts. The bias is free of
incidental parameters. Centering the profile score delivers an unbiased estimating
equation and, upon integration, an adjusted profile likelihood. A variety of other
approaches to constructing modified profile likelihoods are shown to yield equiva-
lent results. However, the global maximizer of the adjusted likelihood lies at infinity
for any sample size, and the adjusted profile score has multiple zeros. Consistent pa-
rameter estimates are obtained as local maximizers inside or on an ellipsoid centered
at the maximum likelihood estimator.

1. INTRODUCTION

With nuisance parameters, inference based on the profile likelihood can be highly
misleading. In an N x T data array setting with stratum nuisance parameters, the
maximum likelihood estimator is often inconsistent as the number of strata, N,
tends to infinity. This is the incidental-parameter problem (Neyman and Scott,
1948). It arises because profiling out the nuisance parameters from the likelihood
introduces a nonnegligible bias into the (profile) score function. One possible
solution is to calculate this bias and to subtract it from the profile score, as
suggested by Neyman and Scott (1948) and McCullagh and Tibshirani (1990).
When the bias is free of incidental parameters this yields a fully recentered
score function which, in principle, paves the way for consistent estimation under
Neyman—Scott asymptotics (Godambe and Thompson, 1974). This is the case in
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AUTOREGRESSIONS WITH FIXED EFFECTS 1179

the classic many-normal-means example, but little is known about this possibility
in other situations.

In this paper we consider a time series extension of the classic example of
Neyman and Scott (1948). The problem here is to estimate a pth order au-
toregressive model, possibly augmented with covariates, from data on N short
time series of length 7. The model has stratum-specific intercepts, the fixed
effects. The distribution of the initial observations is left unrestricted and the
p-vector of autoregressive parameters, p, may lie outside the stationary region.
The incidental-parameter problem in this model is the subject of a substantial lit-
erature; see Arellano (2003b) for an overview and many references. The bias of
the profile score is found to depend only on p and T'. Hence, adjusting the profile
score by subtracting its bias gives a fixed 7 unbiased estimating equation and,
upon integration, an adjusted profile likelihood in the sense of Pace and Salvan
(2006).

However, contrary to what standard maximum likelihood theory would sug-
gest, the parameters of interest are local maximizers of the expected adjusted
likelihood. The global maximum is reached at infinity. This phenomenon is not
a small-sample problem or an artifact of an unbounded parameter space. The
adjusted likelihood has its global maximum at infinity for any sample size, and
may already be re-increasing in the stationary parameter region and reach its max-
imum at the boundary. Consistent estimation is achieved by locally maximizing
the adjusted likelihood over a certain ellipsoid that is centered at the maximum
likelihood estimator and is defined by the (unadjusted) likelihood function. The
adjusted likelihood is re-increasing because the initial observations are unre-
stricted. This difficulty does not arise when stationarity of the initial observations
is imposed, as in Cruddas, Reid, and Cox (1989). Further, when the data carry
only little information, in a sense that we specify, the Hessian of the adjusted
likelihood is singular, implying first-order underidentification (Sargan, 1983) and
nonstandard asymptotic properties of the resulting point estimates, as derived in
the case p = 1 by Kruiniger (2014).

These features are not unique to our approach. We show that several other
routes to constructing modified objective functions for the dynamic linear fixed-
effect model yield equivalent results. When p = 1, the adjusted profile likelihood
coincides with the marginal posterior in Lancaster (2002), which, in the absence
of covariates, is a Bayesian version of a Cox and Reid (1987) approximate condi-
tional likelihood (see Sweeting, 1987). For general p, it is an integrated likelihood
in the sense of Kalbfleish and Sprott (1970) and Arellano and Bonhomme (2009)
where the fixed effects have been integrated out using a new data-independent
bias-reducing prior. Such a prior was thought not to exist for this model. The ad-
justed likelihood can also be seen as a penalized likelihood as defined by Bester
and Hansen (2009) (see DiCiccio, Martin, Stern, and Young, 1996, and Severini,
1998, for related approaches). The adjusted profile score equation, in turn, is a
Woutersen (2002) integrated moment equation and a locally-orthogonal Cox and
Reid (1987) moment equation, as defined in Arellano (2003a), and solving it is
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1180 GEERT DHAENE AND KOEN JOCHMANS

equivalent to inverting the probability limit of the least-squares estimator, as pro-
posed by Bun and Carree (2005) for the case p = 1.

The equivalence results allow to connect and complement various earlier least-
squares and likelihood-based approaches. In particular, our analysis of the global
properties of the modified objective function shows that it has to be maximized
locally or, when solving the modified estimating equation, the appropriate solu-
tion has to be selected accordingly, an issue that has been overlooked. Corrected
least-squares and likelihood-based methods have been proposed in this model as
alternatives to the generalized method-of-moments estimators of Arellano and
Bond (1991) and Ahn and Schmidt (1995). The latter estimators are well known
to deliver biased point estimates and confidence regions with poor coverage when
the data are persistent (Blundell and Bond, 1998) or when 7 is not negligible
compared to N (Alvarez and Arellano, 2003). Inference based on the adjusted
likelihood also becomes more fragile in the vicinity of a unit root, but does not
deteriorate when 7'/N is nonnegligible. On a more general level, our findings
highlight the difficulty of point identification under Neyman—Scott asymptotics
and show that global maximization of a bias-adjusted profile likelihood, as if it
were an ordinary likelihood, may fail badly.

Our focus is on short panels, that is, we treat T as fixed in the asymptotics. In
related work, Kiviet (1995) and Hahn and Kuersteiner (2002) proposed methods
to approximately bias-correct the within-group least-squares estimator. These ap-
proaches do not fully remove the bias but, rather, reduce its order from O(T_l)
down to O(T~?). Hence, they are more suited for panels where 7/N is non-
negligible. On the other hand, while a complete re-centering of the profile score
equation is not generally possible in nonlinear fixed-effect models, approximate
bias-corrected estimators have been derived under fairly general conditions; see,
e.g., Hahn and Newey (2004), Arellano and Hahn (2006), Hahn and Kuersteiner
(2011), and Dhaene and Jochmans (2015).

Sections 2 to 6 derive and study the adjusted profile likelihood. Proofs are given
in the Appendix.

2. ADJUSTED PROFILE LIKELIHOOD
2.1. Model and profile likelihood

Suppose we observe a scalar variable y, the first p > 1 lags of y, and a g-vector
of covariates x, for N strata i and T periods ¢. Consider the model

Yie=y) _p+xtp4ai+en, i=1,...,N;t=1,...,T, (2.1)

where yi,— = (yir—1,. ..,y,-[_,,)T, p and S are parameter vectors, a; is a fixed

effect, and ¢;; is an error term. Let z;, = (y;_,x; Tand @ = (p7,p")". Fur-

ther, let y; = (it,...,%i7) s Yie = Git—s ..o, yir=) o Xi = (5i1,...,x57) |,
e = (ei1,...,eir) ", and Z; = (Yi—, X;), so that My; = MZ;0 + Me; where
M = Iy — T 'uT and 1 is a T-vector of ones. Also, let y? = (Yi(1=p), - ..,y,-o)T
denote the initial values (which are observed). We make the following assumption.
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AUTOREGRESSIONS WITH FIXED EFFECTS 1181

Assumption 2.1. The variable y;; is generated by (2.1) and

(i) (Zi,&;) and (Z;s, ¢;r) are independent for all i and i’ # i
(i) &jr is i.i.d. for all i and ¢, is independent of X;, has finite fourth moment,
and satisfies

E(eif| Xty Vie—1s .-, yi1,5)) =0,
Var(eif| Xi, Yit—1, ..., Vi1, ¥7) = 0> > 0;

(i) NT'SN Z'MZ; and plimy_,,, N~! >N, ZMZ; < oo are nonsin-
gular.

Thus, we assume cross-sectional independence, strict exogeneity, homoskedas-
ticity, and no multicollinearity. On the other hand, we do not assume normality
of ¢;; and place no restrictions on how (le, o;, Xi), i=1,...,N, are generated,
thus allowing for nonstationarity across ¢. The unknown parameters are 6, o2,
and ap,...,ay. Let 6y and ag be the true values of 6 and 2. Our interest lies
in consistently estimating 6y under large N and fixed 7" asymptotics. We do not
require pg to lie in the stationary region of R?, i.e., we allow any pg € R”.

We shall work with the Gaussian quasi-likelihood (i.e., acknowledging that
&ir may be nonnormal) but simply refer to it as the likelihood. Conditional on
y),...,y% and divided by NT, the log-likelihood is

N T
1 1
_ZIV_T E E (10g0’2+;(yit_zi—l;(9—0!j)2)+C,

i=11t=1

where, here and later, c is a nonessential constant. Profiling out ay, ..., ay and a2
gives the profile log-likelihood (divided by NT') for 0,

N
10) = —%log(%Z(yi —2,0) M —z,~6>)+c.
i=1

The profile score, s(0) = Vyl(0), has elements

N T
i1 (Vi —Zi0) My, —; .
spj(e):ijl(G): 1%1 17 ! LI , j=1,...,p,
> i —Zi0)TM(yi — Z;0)
N T
=1 (i —Zi0) Mx; ; .
sp; (0) = Vp,1(0) = NZ' e L, j=1,....q,
>im1 i —Zi0) "M (y; — Z;0)

where y; _; is the jth column of ¥;_ and x; ; is the jth column of X;.
For the analysis below, rewrite (2.1) as

Dy; :Cy?+X,-ﬁ+la,-+ei, i=1,...,N,
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where D = D(p) and C = C(p) arethe T x T and T x p matrices

—P1 0
D= —Pp 5 C= -
0 0 pp
0 0 0
SR
0 0 —pp -p1 1 0 0
Then
0
( i)=5i+Fe,~, 2.2)
Vi
where

30 0
= (D‘l (Cy?+xiﬁ+zaf))’ F= (D‘l)’

and y; —j = S;(& + Fe;) for selection matrices S; = (07 x (p— ), I7,07xj)-

2.2. Bias of the profile score

The profile score is asymptotically biased, that is, plimy_, .,5(0o) # 0. Therefore,
the maximum likelihood estimator, solving s(6) = 0, is inconsistent. (Here and
later, probability limits and expectations are taken conditionally on (y?, ai, X ,-),
i=1,...,N.) Lemma 2.1 below shows that the profile-score bias is a polynomial

in the parameter py. For k = (kl,...,kp)T e N7, let pk = lepfj. Also, let
t=(,....p7,
T
(I
= ——p, t=1,...,T—1, 2.3
z Tzkllmkp!p @3)
7' k=t
and set pg = 0.

LEMMA 2.1. Suppose Assumption 2.1 holds. Then, the asymptotic bias of the
profile score is plimy _, .. s (6o) = b(po), where b(p) = (b1 (p), ..., bpiq ()" and

T—j—1 T—j— .
bi(p)==2,20" T=nee J=l.p

bj(p) =0, j=p+1,....p+gq.
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AUTOREGRESSIONS WITH FIXED EFFECTS 1183

The bias of the profile score depends only on pg and 7'. It does not depend
on the distribution of &;;. It is, furthermore, independent of the initial observa-
tions, the fixed effects, and the covariates. This is in sharp contrast with the bias
of the maximum likelihood estimator, which was first derived by Nickell (1981)
for the first-order autoregressive model under the assumption of stationarity of the
initial observations. This bias depends on the initial observations, the fixed effects,
and the covariate values.

2.3. Adjusted profile likelihood
By construction, the centered (or adjusted) profile score,
sa(6) = s(0) —b(p),

is asymptotically unbiased, i.e., plimy_, ,,5a(6p) = 0. Hence, s5,(f) = 0 is a bias-
adjusted estimating equation. The question arises whether there is a corresponding
adjustment to the profile likelihood. This indeed turns out to be the case, as the
following lemma shows.

LEMMA 2.2. Let b(p) be as defined in Lemma 2.1. Up to an arbitrary constant
of integration, the solution to Voa(p) = b(p) is given by

Uslpgy = Tk—1)!
alp)=2 as(p),  as(p)=— o >, (kll!“—),pés, 24

SeS t=|S]| (- D keKg:t Tk=t .kp.

where S is the collection of the nonempty subsets of {1, ..., p}; |S| is the sum of
the elements of S; Ks = {k e NP|k; > 0 if and only if j € S}; and ps = (pj)
and kg = (kj)

jeSs
jes are subvectors of p and k determined by S.
It follows that s,(0) = 0 is an estimating equation associated with the function

12(0) =1(0) —a(p),

which we call an adjusted profile log-likelihood. Every subvector pg of p
contributes to /(@) an adjustment term, —ag(p), which takes the form of a mul-
tivariate polynomial in p;, j € S, with positive coefficients that are independent
of p.

3. CONNECTIONS WITH THE LITERATURE

Before studying the adjusted profile likelihood as a tool for inference about gy
we show that it can also be obtained through various other routes that have been
suggested in the literature.

Lancaster (2002) studied the first-order autoregressive model, with and without
covariates, from a Bayesian perspective. With p = 1, we have ¢, = p’ and

T-1 T-1

T — T —
bl(p)=—zT(T—_tl)pt_l, d(P)=—ZT(T—_tl)IPt-
t=1 =1
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1184 GEERT DHAENE AND KOEN JOCHMANS

Consider the reparametrized effects 7; = a;e~T~D4() With independent uni-

form priors on the #; and on @ and log 2, Lancaster’s posterior for ¢ = (HT, 02) T
is

f@|data) < o TN T=D"2exp (— N(T — Da(p) — 0*@)a 72/2),
where 0%(0) = lezl()’i — Z;0)"M(y; — Z;i0) x e~ 2O Integrating over o2

gives

F(0ldata) o< e=NT=Da0) (2 (gy)~N T =D/2

and, hence,

f(0data) o ¢NT=DLO) o

Thus, the posterior and the adjusted likelihood are equivalent. More generally,
for any p and ¢, independent uniform priors on #1,..., 7y,0,logo?, with 5, =
a;e~T=Da®) and a(p) as in Lemma 2.2, yield a posterior f(€|data) that is related
to [,(0) asin (3.1).

Lancaster’s choice of a prior on the #; that is independent of ¢ is motivated
by a first-order autoregression without covariates. There, #; is orthogonal to ¥
and the posterior f(f|data) (and, hence, also e/+(?) has an interpretation as a Cox
and Reid (1987) approximate conditional likelihood; see also Sweeting (1987).
Orthogonalization to a multidimensional parameter is generally not possible
(Severini, 2000, pp. 340-342). Here, orthogonalization is not possible when the
model is augmented with covariates, as shown by Lancaster, or when the autore-
gressive order, p, is greater than one, as we show in the Appendix. From a bias
correction perspective, however, orthogonality is not required. In the present
model, for any p and g, s,(f) = 0 is an unbiased estimating equation, and the
bias calculation underlying it is immune to the nonexistence of orthogonalized
fixed effects.

The approach of Arellano and Bonhomme (2009) shares the integration step
with Lancaster (2002) but allows nonuniform priors on fixed effects or, equiv-
alently, nonorthogonalized fixed effects. Of interest are bias-reducing priors,
i.e., weighting schemes that deliver an integrated likelihood whose score equation
has bias o(T ') as opposed to the standard O(T~"). The present model (with
general p and q) illustrates an interesting result of Arellano and Bonhomme that
generalizes the scope of uniform integration to situations where orthogonalization
is impossible. For a given prior 7; (¢;|1), the log integrated likelihood (divided
by NT)is

N
1 LT (T )
lint(ﬁ)z ﬁ E IOg/a_T/ze 252 Zt:l())zt Zi/a 0(1) ”i(ail'&) dal‘+C.
i=1

Choosing 7; (a;|0) o e~ T=Da) yields

T —
lin () = ——
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AUTOREGRESSIONS WITH FIXED EFFECTS 1185
Profiling out o2 gives o%(0) = argmax,2 lin(¥) = 0%()/(N(T — 1)), and so
T-1
lint(0) = max [in (V) = ——1a(0) +c.
2 T

Thus /iy (@) and [,(0) are equivalent. Because a(p) does not depend on true
parameter values, 7;(;[0) ox e~ T=D4() i a data-independent bias-reducing
(in fact, bias-eliminating) prior in the sense of Arellano and Bonhomme. Now,
7i(a;|9) x e~ T=Dalp) ig equivalent to z; (7;|) o 1, i.e., to setting a uniform
prior on 7; = aie_(T_l)“(p), as it leads to the same I (1}). Further, Arellano
and Bonhomme (2009) give a necessary and sufficient condition for a uniform
prior to be bias-reducing. With ¢; (¥, ;) = 7! ZrT=1 i (¥, n;) denoting i’s log-
likelihood contribution (divided by T') in a parametrization #;, the condition is

that
1
plimN_moﬁzvm (Ai_lB,-) =o(l) asT — oo, 3.2)
i=1
where

Ai = Ai (1-9’ 77!) = _]Eﬂ,n,' Vﬂ,‘?’]igl' (/'-99 7][)9 Bi = Bi (/195 ’7!) = ]E’Ly,m Vl??’]igi (195 7][)»

and where V,, (Al._lBi) is evaluated at the true parameter values. When #; and
¥ are orthogonal, B; = 0 and (3.2) holds. However, Condition (3.2) is consider-
ably weaker than parameter orthogonality. In the present model, when p > 1 or
g > 0, and thus no orthogonalization is possible, it follows from our analysis and
Arellano and Bonhomme (2009) that (3.2) must hold for #; = aje~T=Da),
Indeed, as we show in the Appendix,

V, (A7'Bi) =0 (3.3)

because Ai_] B; is free of ;.

Woutersen (2002) derived a likelihood-based moment condition in which pa-
rameters of interest and fixed effects are orthogonal by construction even though
orthogonality in the information matrix may not be possible. With £; = €; (1), a;) =
Zszl Cir (¥, a;) a generic log-likelihood for stratum i, let

Eﬂ,a; Vaﬂ?fi

i =g (0,0;) =Vyli =V i .
gi=gi(W,a;) 9t a; lEﬁ,aiva,-a,-fi

3.4)
Then Ey, g =0 and parameter orthogonality holds in the sense that
Ey,4; Vo, & = 0 (under regularity conditions). The integrated moment estimator of

. Ry
1 minimizes giLgim where gin = (NT) 1 > i Ginti and
1 Va,-oc,-gi 1 Va,-aiaigi

e () = | o — = - V, o ,
ginti = &inti (V) |:g! 2 Vaali 2 Vool a,gt]ai:aw)
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1186 GEERT DHAENE AND KOEN JOCHMANS

with @; () = argmax,, ¢;. The function gin; is the Laplace approximation to
[ gielida;/ [elida;, that is, to g; with o; integrated out using likelihood
Weights.1 Arellano (2003b) obtained the same gin; as a locally orthogonal
Cox and Reid (1987) moment function. Woutersen and Voia (2004) calculated
gint for the present model with p = 1. For any p and ¢, the integrated moment
condition essentially coincides with the adjusted profile score. In the Appendix it
is shown that

27T My, — Z;0)— (T — )b
c2ZIM(y )= (T =1)b(p) ) 35)

inti 9> 2) =
8 t( o ) (0_4()11'—ZiH)TM(yi—ZiH)/2—a_2(T—1)/2

On profiling out o2 from the minimand g;tgint we obtain

—1 —1
() = (50) = b(p) = ———5,0).

Thus, the estimator of § by Woutersen (2002) minimizes the norm of the adjusted
profile score.

The adjusted likelihood can also be viewed as a penalized log-likelihood in
the sense of Bester and Hansen (2009). With £ = ZlNzl Zthl Cir, Cir = Cir (U, ),
again denoting a generic log-likelihood, let 7; = ; (¢}, a;) be a function such that

T T
. , 1
plimy_, o Vo, = lim E [? ; Vasailir ; w,-,}

T—o00

T T
+ %E[va,.a[a,.a,] [Jim B [% 21: Wit Z;‘ l//i,] :
1 T T ; -
plimy_, o Vy; = lim E [? Z Voo lis Z Wi,]
. T T
+ E[Va,alﬂfzt hm E|: Z Z‘//iti|a
t=1 =1

where y;; = —IE[ ara;C ,t]_IVaifit. Then ¢, =¢—>"_,m; is a penalized log-
likelihood. Bester and Hansen (2009) provide a function that satisfies these dif-
ferential equations in a general class of fixed-effect models and show that it
leads to £, whose first-order condition has bias o(7~!). In the present model,

the equations can be solved exactly, i.e., for finite 7. With ¢;; = —%[logo'2 +
(vie — 210 — a,~)2 /o%] +c, the relevant differential equations are

1
Vo, mi =0, Vor; = (T — 1)b(p), Vo = —5.7

which yields 7; = —% loga? + (T — 1)a(p) + c. Therefore,

N
. :€+Elogaz—N(T—l)a(p)+c (3.6)
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and Iz (0) = max,, 20y = N(T — 1)[3(0) + c. Thus, the profile penalized

..... oN,O
log-likelihood and the adjusted log-likelihood are equivalent. Note that Bester and

Hansen’s approach is to adjust the likelihood before profiling out the incidental
parameters, while we adjust it affer doing so. In the present model, the two ap-
proaches coincide.

Finally, the adjusted profile score is also related to the approach of Bun
and Carree (2005). Note that s(0) = Zl 1 ZTM(y, Z:0)/ Q%) and My; =
MZ; 0+ Mz 81 where 8 is the maximum likelihood estimator, with residuals Z; & sat-
isfying lel Zl. Me; = 0. Therefore, solving s,(6) = 0 is equivalent to solving

-1

N
—0= (z Al MZ,-) b(p)0%(H). (3.7)
i=1

When p = 1, solving (3.7) corresponds to the proposal by Bun and Carree (2005)
for bias-correcting the maximum likelihood estimate.

4. GLOBAL PROPERTIES OF THE ADJUSTED PROFILE LIKELIHOOD

At this point it is tempting to anticipate that y maximizes plimy_, . /,(6). How-
ever, as shown below, —a(p) dominates plimy_, ,/(0) as ||p]| = oo in almost all
directions and plimy _, . /a(@) is unbounded from above.

Let h(0) = Vy5(0), c(p) = Vo1 b(p), and

La0)=LO)—a(p).  L(O)=plimy_ 0.
Su0)=5O)—b(p), SO = plimy_,,,s(0),
Hy(0) = HO)—c(p),  H(O) =plimy_, ,h(0).

Using M(y; — Z;0) = —MZ;(0 —6y) + Me;, we have

N
1 ) 1
L©®) = —Elog(pth_)wNZUi(@))+c

i=1

for U;(0) = & Me; —=2(0 —00) " Z Me; + (0 —00) 2] M Z;(0 — 6). Let by =
b(po) = S(0p) and note that

N N
. 1 . 1
pth_moﬁ E Z Me; :(pth_moN E gl-TMei)bozag(T—l)bo.

i=1 i=1

Hence, defining Vj by

N N
. 1 . 1
pth_)ooﬁ E ZiTMZiz(pth_moN E giTMgi)V():o'Oz(T—l)Vo,

i=1 i=1
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we can write
1
L(9) = —5 log (1 —20—00) bo+ (0 —00) Vo0 — 90)) Y

by absorbing the term —1log (o7 (T —1)) into c. As N — oo, the maximum
likelihood estimator of € converges in probability to 6y = argmaxy L(0) =
6o + Vo_lbo and has asymptotic bias Vo_lbo. This expression generalizes the
fixed T bias calculations in Nickell (1981) and Bun and Carree (2005). Note that
(@0 = Om1) " Vo (B — Om1) = b V' bo. Furthermore,

L) = —% log (1 — b Vi by + (0 — Ou) Vo (0 —eml)) +e,
Vo(0 — Om1)
1=b] Vg bo + (0 = Out) T Vo (O — i)
Vo
1—bJ Vg ' b+ (O = Om) T Vo (0 — 1)

Note that L(-) and H(-) are even and S(-) is odd about Oy and that H(6p) =
2boby — Vo and Hy(0p) = 2bob, — Vo — co, where co = c(po). Since L(0) is log-
quadratic in 6 and a(p) is a multivariate polynomial with negative coefficients,
L,(0) = L(0) — a(p) is unbounded from above. For example, if we put p = kr
with r in the positive orthant of R” and let x — o0, the term —a(p) dominates
and L,(0) — oo.

It follows that 6y £ argmaxy L, (@), and so 6y has to be identified as a functional
of L,(@) other than its global maximizer (as in standard maximum likelihood
theory). Because S,(6p) = 0, we need to select 6y from the set of stationary points
of L,(@), that is, from the set of zeros of S,(#). In general, this set is not a sin-
gleton. Indeed, whenever 6 is a local maximizer of L,(f) (which will often be
the case, as shown below), L,(0), being smooth and unbounded, must also have
at least one local minimum. Because /(0) is log-quadratic for any N > 1 and a(p)
does not depend on the data, /,(8), too, is re-increasing, regardless of the sample
size. Therefore, an estimation strategy based on solving s,(6) = 0 will generally
lead to multiple solutions, from which the appropriate one has to be chosen.

S) =—

H@®)=— +250)S©)".

4.1. First-order autoregression without covariates

Our focus in this and the following subsections is on how the parameter of in-
terest, o, is identified from the function L,(6). We first examine the first-order
autoregression without covariates, i.e., p = 1 and ¢ = 0.
Letting (02 = (Vo - b(z)) / V2, we have
1

L(p)=—7log (4“3 +(p _pml)z) +c,

& = (p—pm)?

2 b

(C()2 +(p— Pml)2)

P — Pml
&+ —pm)?

S(p)=— H(p) =—
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by absorbing —% log V into c. Note that (g =—1/H (pm1), hence, (02 is identified.
Recall that S(p) is odd about pmi = po +bo/ Vo. The zeros of H(p) are p =
pm1 — (o and p = pm) + (o, 50 S(p) decreases on [p p] and increases elsewhere.
All of p, p, pmi1, and (o are identified by S(-), and pm1 and (p act as location and
scale parameters of S(-). For any given pg, pm1 and (o are determined by V. As
Vo increases, |bg/ V| and ¢ decrease, that is, the bias of py, decreases in absolute
value, the length of [p, 5] shrinks, and S(p) becomes steeper on [p,].

There is a sharp lower bound on V. With &y; and Fj denoting & and F eval-
uated at pg, we have y; _1 = S1(o; + Foe;). From the independence between &y,
and ¢;, we obtain

: 1 N
ImmN%mNELﬂquMﬁﬁl

Vo= ’ = VLB 4 v,
o2 (T —1) 0T
where
L5 Wy STMS| Fy plimy o 2t Eor ST M Siéoi
Vol=—"r——, V&= 5 . @D
T—-1 oy (T —1)

So Vo > VOL B and this lower bound implies an upper bound on |bg/ Vy| and on the
length of [p, 7], and a lower bound on the steepness of S(p) on [p, 7]

LEMMA 4.1. Suppose Assumption 2.1 holds with p =1,q = 0. Then, VOLB , as
defined in (4.1), is given by

2

T-2 J
ST -ji-1py’ ——Z ZPO
j=0 Jj=0 \k=0

and satisfies VOLB > Zbg and VOLB > 2b(2) — co, each with equality if and only if
T=2orpy=1.

By Lemma 4.1, H(pg) = Zb% — Vo < 0 and, hence,

_ Vo—b2  b?
(P — pmi)* = 2> % = (po— pm)*-

43 Vi
Therefore, pg € [p, p]. Since S(p) is a rational function that vanishes at £00
and b(p) is a polynomial, Sy(p) has finitely many zeros. Thus, because S, (po) =

0 and, by Lemma 4.1, Hy(po) = 2192 Vo —co < 0, it follows that L,(p) has
a local maximum or a flat 1nﬂect10n point at pp. Our main result for the first-
order autoregression without covariates is the uniqueness of such a point in @, ﬁ] ,
thereby identifying po as a functional of L,(p). Equivalently, pg is the unique
point in [p, 7| where b(p) approaches S(p) from below.
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THEOREM 4.1. Suppose Assumption 2.1 holds with p = 1,q = 0. Then, pg is
the unique point in [E , ﬁ] where Lo(p) has a local maximum or a flat inflection
point.

L,(p) has a flat inflection point at pg if and only if Vo = VOLB = Zb(% — Co.
The latter equality holds if and only if 7 = 2 or pg = 1. The former holds if and
only if Vs = 0, which requires M S1&y; to be negligibly small for almost all i.

The elements of §1&); are pé_ly?—l—a,' Zi;ipg_l, j=1,...,T,s0 MS&; =0
if and only if y?(l — po) = a;. The following corollary has been independently
obtained by Ahn and Thomas (2006).

COROLLARY 4.1. Suppose Assumption 2.1 holds with p = 1,q = 0. Then,
when po =1 and a; =0, Ly(p) has a flat inflection point at pg for any T.

This result is in line with the rank deficiency of the expected Jacobian associated
with the moment conditions of Ahn and Schmidt (1995); see Alvarez and Arel-
lano (2004). It implies that inference based on the adjusted likelihood becomes
nonstandard in the unit root case because H,(po) vanishes.

When pg # 1, Vo = VOLB = 2b(% —cp only when 7' = 2 and a very strong con-
dition holds on the initial observations and the fixed effects, which is unlikely
to hold in situations where a fixed effect modeling approach is called for. Thus,
when pg # 1, except in quite special circumstances, pg is the unique point in [ Ps ,5]
where L,(p) attains a strict local maximum. Note that, when pq is a local maxi-
mizer of L,(p), it need not be the global maximizer on [p, ,T)], which may instead
be p. To see why this may happen, interpret the situation where L,(p) has a flat
inflection point at pg as a limiting case of the property that L,(p) is re-increasing.

Figure 1 illustrates how pg is identified by L,(p) for two cases, each with
T = 4. The plots on the left correspond to the case pp = .5 with Vp = VOLB + Ve
and Vg corresponding to stationary initial observations. Those on the right
correspond to the unit root case without deterministic trends, i.e., po = 1 and
Vo = V8. In each case, the bottom figures show S(p) (solid line) and b(p)
(dashed line); the top plots show L(p) (solid line), —a(p) (dashed line), and
La(p) = L(p) —a(p) (thick line). In all the plots, vertical lines indicate p, po,
and 7, from left to right. In the case of pg = .5, py is the unique local maximizer
of Ly(p) on M, /3]. Note that there is a second solution of S,(p) = 0 on M, ﬁ],
which corresponds to a local minimum of L,(p). In the unit root case, pg is the
unique flat inflection point of La(p) on [p,75].

The asymptotic bias of the maximum likelihood estimator has the same sign as
by because pym1 = po +bo/ Vp. The proof of Theorem 4.1, as a by-product, shows
that if 7 is even, then by < 0; and, if T is odd, then b(p) decreases and has a
unique zero at some point p, € [—2, —1), so by has the same sign as p, — po.

We note, finally, that L,(p) may have more than one local maximum on R.
When py = =5, Vy = VOLB, and T =4, L,(p) has local maxima at —5 and
—2.97, local minima at —3.78 and —0.27, and [p, ] = [—5.08, —4.94]. When
po € [—1, 1], however, we have not found a case where L,(p) has multiple local
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po=.5 po =1
-, .'
0.5 P
P
0.5 - &
/ -
/ -
7 e \
0

RN

FIGURE 1. Identification in the first-order autoregression. Left: T =4, pg = .5, Vj =
VOLB + Veg, Veg corresponding to stationary initial observations. Right: T =4, pg = 1,
Vo = VOLB . Top: L(p) (solid), —a(p) (dashed-dotted), La(p) (dashed). Bottom: S(p)
(solid), b(p) (dashed-dotted). Vertical lines at P> po, and p.

maxima on R. This is in line with the result obtained by Kruiniger (2014, Lem-
mas 1 and 2) that, when py > —1, L,(p) and [,(p) each have at most one local
maximum on [—1, 00).

4.2. First-order autoregression with covariates

In the first-order autoregressive model with covariates (p = 1,q > 1), profiling
out S yields a profile likelihood of p with essentially the same properties as in the
model without covariates. Let f(p) = argmaxg La(p, f) = argmaxg L(p, ) =
argming (6 — Om1) T Vo (0 — Oy). Partition Vo, Vo_l, and bg as

B
Voor Vo ﬂ) 1 PP ye (bo )
Vo = PP 9P, , V= 0 0 , by = P .
’ (VOﬂﬂ Vo O\ "o
With

-1
Vop = (VOPP —Vopp Vo_ﬁb VOﬂp) > 4.2)
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we have

Vops (B(p) — Pm1) = —Vogp(p — pm1),
mﬂin(e —Om1) " Vo (O = Omi) = (p — pm)*/ V§’

1—bg Vg 'bo=1-0b5,V{".

The first of these equations, together with V(6o — 0m1) = —bo, yields B (po) = po,
so fo is identified whenever py is. Profiling out S from L(p, f) gives the limiting
profile log-likelihood of p as

1
L(p) =L(p, f(p)) = =510g (¢ + (p = pm)’) +¢

(slightly abusing notation), where ¢§ is redefined as ¢§ = (1 — b} , V§?)V{" and
$log V}” is absorbed into c.

LEMMA 4.2. Suppose Assumption 2.1 holds with p = 1,q > 1. Let Vopp be
as defined in (4.2) and VOLB as defined in (4.1) and given in Lemma 4.1. Then,
(Vopp)_l > VOLB_

‘We can now invoke the result for the model without covariates. Let £ = pmi— 0
and p = pm1 + (o, With ¢ redefined as indicated.

THEOREM 4.2. Suppose Assumption 2.1 holds with p = 1,q > 1. Then, pg is
the unique point in [p, p] where La(p) = L(p) —a(p) has a local maximum or a
flat inflection point.

By the proof of Lemma 4.2, the conditions under which pg is a flat inflection
point of L,(p) are the same as before. The presence of covariates does not affect
the sign of the asymptotic bias of the maximum likelihood estimator of p. It also
follows from the proof of Lemma 4.2 that the inclusion of covariates in the model
cannot increase Vop ?. so the magnitude of py — po = Vé) ’ bo, can only decrease
relative to the model without covariates.

4.3. pth-order autoregression

Consider first an autoregression with p > 1 and without covariates, i.e., ¢ = 0.

Then
L(p)=—110 (1 (= pm) " Wolp = pm)) +¢, W S (N
P ) g P — Pml 0(p — Pml > 0 l—bJVO_lbo’
Wo(p — pmi)
S(p)=— ,
M= +(p = pm1) " Wo(p — pm1)
Wo
H(p)=— +25(0)S(p) ",

1+ (p — pm1) T Wo(p — pmi)
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where —% log(1 — bg Vo_lbo) is absorbed into ¢. Because Wy = —H (pm1), Wo is
identified by L(-).

As in the p = 1 case, there is a lower bound on V. Because Y;— =
(Vi,~15--->Yi,—p) and y; _; = S§;(Coi + Foei), where &y; and ¢; are independent,

we have
lim LSV yT My,
Vo = pPimy 5w 2ic i— - _ VOLB_I_VQ,

a2 (T —1)
where VOLB and V¢¢ have elements

: 1 N
Ly UF)STMScFy plimy oy 200 &5 S M Sion
(VO )Jk_ T—1 ’ (va)/k_ O.Z(T_l) ’
0

for 1 < j,k < p. Hence, Vp — VOLB is positive semi-definite, which we write as
Vo > VOLB . When p > T, while Vj is nonsingular, rank(VoLB ) < T — 1 because
SiFp=0 for j > T, which implies that (VOLB)jk =0 whenever j > T ork >T.
Thus, when p > T, although Vj can be arbitrarily close to VOLB , Vo # VOLB.
Further, when p > T, bj(p) =0 for j > T because the sum defining b;(p) is
empty, and ¢;j(p) = 0 for i + j > T. Hence, when p > T, VB —2byb] and
VLB —2bgb] + ¢ have only zeros beyond their leading (7 — 1) x (T — 1) blocks.

A proof of generalizations of Lemma 4.1 and Theorem 4.1 to the case p > 1
would be desirable but is more difficult. A major difficulty is the rapidly increas-
ing complexity of ¢; as p increases. For example, ¢; = Z,E;%J (t(—t_glf)'% p§ —2k plz‘
when p = 2. In comparison, ¢; = p| when p = 1. We resorted to numerical com-
putations, which suggest that

VEB > 2bgby,  VEB > 2boby — co, 4.3)

rank(VOLB — 2bob(—)r + co)

_ [min(p,T—Z) if 337 poj#lorT < p+2,

4.4
p—1 else. @4

Specifically, we computed the eigenvalues of VOL B_ 2bob(—)r and VOL B_ 2b0b3— +
cofor p=2,3,4,T =2,...,7;and all pg in a subset of R” chosen as follows. For
p =4, we put a square grid on the Cartesian product of the two triangles defined
by

—I<yp<l, r—1l<y<1l-—y,

—l<p<1, ra—1<y3<1—ya, @.5)

the stationary region of the lag polynomial y (L) = (1 —y;L — y2L?) (1 —y3L —
y4L2). For each point on this grid and for each of the values m = 1,2,4, po
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was calculated by equating the coefficients on both sides of m — pg; L — p02L2 —
po3L3 — posL* = my (L). For m = 1, the stationary region is covered, while for
larger m a larger region is covered, though less densely. In addition to (4.5) we
set y4 =0 for p =3, and y3 = y4 = 0 for p = 2. The grid points on the region
defined by (4.5) were spaced at intervals of .002 when p = 2, .02 when p = 3,
and .1 when p = 4. We found that, uniformly over this numerical design, the
eigenvalues of VOLB — 2bobg and VOLB - 2bobg + c¢ are nonnegative and the rank
of VOLB - 2190190T + cp is as given by (4.4). These findings, while obviously not
a proof, support (4.3) and (4.4), and we shall proceed under the assumption that
(4.3) and (4.4) hold.

Because V) > VOLB, (4.3) implies that Vy > 2b0b(—)r and that H,(pg) = 2b0b(—)r —
Vo — co < 0. Pre- and postmultiplication of Vy > 2170b(—)r by bg VO_1 and Vo_lbo
gives b) Vy 'bo < 1 < 1—b] V; 'bo. Recalling that (po — pm1) | Vo(po — pm1) =
b(—)r Vo_lbo, we have

(po — pum1) T Wo(po — pmi) < 1.

Therefore, if (4.3) and (4.4) hold, pg is a point in the ellipsoidal disk £ = {p :
(p—pm1) " Wo(p — pmi1) < 1} where L,(p) has a local maximum or a flat inflection
point. We approached the question of uniqueness of such a point numerically. For
the same numerical design as above and with Vy = VOL B we applied the Newton—
Raphson algorithm to find a stationary point of L,(p), starting at py, and using
the Moore—Penrose inverse of H,(p) whenever H,(p) is singular. Uniformly over
this design, the algorithm was found to converge to pg, thus supporting the con-
jecture that pg is the unique point in £ where L,(p) has a local maximum or a flat
inflection point.

In the model with covariates, just as before, S can be profiled out of L,(6).
Here, again, fy = f(po). Lemma 4.2 continues to hold for p > 1. Hence, if
po is identified in the model without covariates in the way we suggested, then
it is identified in the model with covariates in exactly the same way, now with
€ defined through Wy = (1 — b(—)r o V(f P bop)_1 Vo, in obvious notation.

Figure 2 illustrates the identification for two cases with p =2, T =4, and with-
out covariates. The plots on the left are for pg = (.25,.25)" with Vp = VOL By Ve
and Vzs corresponding to stationary initial observations. Those on the right
are for pg = (.5,.5)" with Vy = VOLB . In each figure, the ellipse £, containing
po, is drawn. The top figures, in addition, show contour plots of the adjusted
log-likelihood, L,(p). (The unadjusted log-likelihood contours are not shown;
they are elliptical and, like &, centered at pmy.) The figures at the bottom also
plot the loci of the solution set of each of the adjusted profile score equations,
Vy La(p) =0 and V,,La(p) = 0, which intersect at po. In the case pp =
(.25, .25)’, po is the unique local maximizer of L,(p) in €. There is also a second
point in €& where S,(p) = 0, corresponding to a saddlepoint of L,(p). In the case
po = (.5,.5), po is the unique point in £ where S,(p) = 0 and H,(p) is negative
semidefinite. Here, pg is an isolated point of singularity of H,(p).
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p,=(-25,.25)

FIGURE 2. Identification in the second-order autoregression. Left: T =4, pg = (.25, .25)’,
Vo = VOLB + Vg, Ve corresponding to stationary initial observations . Right: 7' = 4,

po=(5,.5,Vy= VOLB. Top: contour plots of La(p). Bottom: loci where V, La(p) =0
(upper curve) and V,, La(p) = 0 (lower curve). In all subplots: £ (ellipse), dashed lines

at pg.

5. ESTIMATION AND INFERENCE
Let E(p) = argmaxgl,(p, f) for a given p. Note that

D X M@yi—Yi_p)= argmax!(p. §).
i=1

N
Bp) =(ZX,-T Mxl-)
i=1

The unadjusted and adjusted profile log-likelihoods for p are I(p) =1 (p, ﬁ (p))

and [,(p) =1(p) —a(p). Let s(p), sa(p), h(p), and h,(p) be the corresponding
profile scores and Hessians. Let W = —h (ﬁml), where Py is the maximum like-

lihood estimator of po, and let £ = {p : (p — ﬁml)TW(p — Pmi) < 1}. We define
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the adjusted likelihood estimator of pg as

E{l:argmigsaT (p)sa(p) st. ha(p) <0
pE

and those of S and 6 as Bu = B(pa) and O = (B, , /ZTI)T Some remarks and
motivation are in order. In the most regular case, where /,(p) has a unique strict
local maximizer on the interior of g pal coincides with the local maximizer of
l(p). However, due to sampling variation with finite N, [,(p) may have no local
maximizer on &, an event that occurs with positive probability. When this hap-
pens, py is defined as the point where [,(p) varies the least, as measured by the
norm of its gradient, s,(p); in a sense this comes close to locally maximizing
la(p). We also cannot exclude the possibility that /,(p) has more than one local
maximizer on the interior of & or that, when no local maximizer exists, the norm
of s,(p) has more than one minimizer. In this event, p, becomes set-valued (if a
single point estimate is required, one might choose the solution closest to pp).
However, in all cases where p is identified as a unique local maximizer of L,(p)
on &, the probability of nonexistence or nonuniqueness of a local maximizer of
la(p) on & vanishes as N — co.

The adjusted likelihood estimator is consistent and, when pq is identified as a
local maximizer, asymptotically normal.

THEOREM 5.1. Suppose Assumption 2.1 holds. Suppose also that pg is the
unique point in & where Ly(p) has a local maximum or a flat inflection point.

Then 531 LS Gy as N — oc.

THEOREM 5.2. Suppose Assumption 2.1 holds. Suppose also that pq is the
unique point in € where L,(p) has a local maximum and that H,(6y) is nonsin-
gular. Then, as N — o0,

VN (B —00) 5 N (0,9, (5.1)

where Q = H,(60) ' Hy(fp)~!, T = plimy_,, ,N~! vazl eie;r, and e; =
T
ﬁ (Z,' - Sib(—)r) M&‘,’.

We note that the information equality (i.e., the second Bartlett identity) does
not hold for the adjusted likelihood, i.e., — H,(6p) differs from X, the asymptotic
variance of s,(0p). One consequence is that the asymptotic variance of 531 is of
the sandwich form. As N — oo, a consistent estimate of € is obtained by re-
placing Ha(0h), bo, &;, and of with /1(Gu) — c(put), b(Pa), & = yi — Zi0x, and
(T-1)"'N"! ZlN: | &, M%;, respectively. Wald tests and confidence ellipsoids
then follow in the usual way, with correct asymptotic size and coverage probabil-
ities, respectively. By contrast, Wald tests and confidence ellipsoids based on the
unadjusted likelihood have asymptotic size equal to one and asymptotic coverage
probabilities equal to zero. A further consequence of the failure of the second
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Bartlett identity is that the adjusted likelihood ratio statistic (i.e., the LR statistic
applied to the adjusted likelihood) is, under the null, asymptotically distributed as
a weighted sum of )(12 variates with the eigenvalues of —X H,(6p) ™" as weights
(instead of being X,%_HI asymptotically); see, e.g., Kent (1982), White (1982), and
Vuong (1989). Although these weights can be estimated, the adjusted likelihood
ratio statistic is unsuited for testing because it is ill-signed for large enough values
of p. This is another consequence of the adjusted likelihood being re-increasing.

6. SIMULATIONS

In this section, we report simulation results for first- and second-order autore-
gressions without covariates, and a first-order autoregression with one stationary
covariate. In all instances we chose pg in the interior of the stationary parameter
region. We compare B with two other estimators: the one-step GMM estimator of
Arellano and Bond (1991), @lb, and the estimator of Hahn and Kuersteiner
(2002), é\hk. The latter estimator is a large-T correction of the maximum like-
lihood estimator. In the first-order autoregression without covariates, phx =
Pml + (1 +ﬁml) /T (Hahn and Kuersteiner, 2002), where one may view the
bias correction term as resulting from pm1 = po — (1 4+ po)/T +o0(1/T). In the
second-order autoregression, the approach of Hahn and Kuersteiner (2002) gives
Phk = pmi +12(1+ pmiz) /T, following from

pml = po—12(14po2)/ T +0(1/T), (6.1

as we show in the Appendix (with pmip and pgy denoting the second element
of pmi and pg, respectively) (see Li, Lindsay, and Waterman, 2003, and
Sartori, 2003). In the first-order autoregression with a covariate, ﬁhk =
(L X,'TMXi)_l SN XM (yi — vi—1pnk) and ik = pmi + (14 i)/ T
While @b is fixed-T consistent, ghk is consistent only as 7 — oco. On the
other hand, under rectangular-array asymptotics (see (Li, Lindsay, and Waterman,
2003) and (Sartori, 2003)), @lb is incorrectly centered, whereas ghk is correctly
centered. In line with the large- N, fixed-T approach in this paper, in the simula-
tions presented here we set N relatively large compared to 7' (N = 100, 500 and
T =2,4,8,16). We focus on small 7" because this setting is particularly relevant
to micro-economic panel data applications, and it is also the more challenging
setting. It should be noted that our setup is relatively unfavorable for Ok in that
its higher-order bias may show up and dominate in the distribution.

In all simulations, we generated ¢;; and o; as standard normal variates. We
varied the informational content of the data by controlling the initial observa-
tions. Let u; = lim;— o0 E(yi;—|a;) and X; = lim;_; o Var(y;;—|a;), so, if y? was
drawn from the stationary distribution, we would just have u; = IE(yiO|a,-) and
= Var(y?|a,~). Let GiG;r = X; be the Cholesky factorization of X;. We set
ylo = ui + wGji for a chosen scalar y > 0. This is a p-variate version of setting
the initial observations y standard deviations away from their respective station-
ary means. So i controls the outlyingness of the initial observations relative to the
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stationary distributions. All else being equal, Vj increases in y and V) — VOLB as
w — 0, so the data carry less information as y gets smaller. The effect of strong
inlying observations (small ) on the informativeness of the data is stronger
when T is small because it takes time to revert to the stationary distribution. The
effect of y is vanishingly small as pp moves to the boundary of the stationary
region. When p = 1 and ¢ = 0, for example, S1¢y; = go (yio — i) +1u; with
T
g0 = (l,po,...,pOT_l)T, hence Vg = %
any fixed . We set v =0,1,2 when p =1and v = .3,1,2 when p =2. We do
not consider y = 0 for p = 2 because the weight matrix of the Arellano and Bond
(1991) estimator is singular for all 7 in this case.

Tables 1 to 3 present Monte Carlo estimates, based on 10,000 replications,
of the bias and the standard deviation (std) of the estimators considered, as well
as the coverage rates of the corresponding asymptotic 95% confidence intervals
(ci.gs).

In the first-order autoregression with pg = .5 (first part of Table 1), both py
and pyp perform well. The adjusted likelihood estimator has smaller standard

w2 As po 1 1, Vg — 0 for

TABLE 1. Simulation results for the first-order autoregression

bias std cigs
N T y po Pal Pab Phk  Pal  Pab Pk Pal  Pab  Phk
100 2 0 5 —-.142 — -.747 267 — 153 819 .921 .000
100 2 1 S .027 — —373 266 — 141 903 934 .090
100 2 2 5 .019 — d11 166 — 113 946 .945 880
100 4 0 5 008 —.039 —.295 .141 .148 .066 924 926 .004
100 4 1 S 016 —.053 —.139 .124 .164 .067 945 928 .327
100 4 2 5 .001 —-.016 071 .064 .082 .056 .946 .936 .684
100 8 0 5 001 —-.026 —.085 .056 .057 .042 953 918 .400
100 8 1 S5 =001 —-.040 —.045 .048 .070 .040 943 907 .730
100 8 2 5 =001 -.023 .028 .036 .051 .034 .946 .930 .812
100 16 0O .5 000 —.019 -—-.021 .028 .030 .026 .944 902 .841
100 16 1 S5 —=.001 -.027 —=.013 .027 .035 .025 .947 879 .899
100 16 2 .5 —.001 -.023 .009 .023 .032 .023 .944 .893 .902
500 2 0 5 -—-.106 — -.750 .162 — .067 .833 .927 .000
500 2 1 5 .033 — —.375 .168 — 063 931 .953 .000
500 2 2 5 .004 — 108 .067 — .051 .952 .950 .400
500 4 0 5 012 —.008 —.295 .088 .069 .030 .946 .942 .000
500 4 1 S 003 —-.010 -—.139 .053 .076 .030 .958 .943 .002
500 4 2 5 .000 —.003 072 028 .038 .025 .949 946 .125
500 8 0 5 000 —.006 —.085 .025 .026 .019 946 941 .002
500 8 1 S 000 —.008 —.043 .021 .032 .018 .948 .939 246
500 8 2 5 .000 —.005 029 016 .023 .015 .951 .949 431
500 16 O .5 000 —-.004 -.021 .012 .014 .012 951 .939 .509

Table continues on overleaf
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TABLE 1. continued

bias std cigs
N T y po Pal Pab Phk  Pal  Pab  Phk  Pal  Pab  Phk
500 16 1 5 000 —-.006 -—-.011 .012 .016 .011 .949 936 .781
500 16 2 5 .000 —.004 009 .010 .015 .010 .948 .940 .807
100 2 0 99 -—-.144 — -.506 265 — 151 .821 .925 .034
100 2 1 .99 -—-.135 — —495 267 — 153 821 918 .043
100 2 2 99 —.125 — —475 266 — 150 .827  .929 .053
100 4 0O 99 -—.087 —-.773 —.258 .123 474 .073 .835 .651 .023
100 4 1 99 —-082 -—-771 =249 123 475 .072 .839 .656 .027
100 4 2 99 —068 —.737 =229 123 472 .072 .849 .675 .049
100 8 0 99 —-.046 —472 —.132 .062 .198 .038 .847 .280 .022
100 8§ 1 99 —-043 —-469 -—.125 .061 .193 .038 .850 .281 .033
100 8 2 99 —.028 —434 —.104 .060 .198 .037 .881 .337 .098
100 16 0 .99 —-.025 -—=.255 —.068 .031 .081 .020 .843 .034 .020
100 16 1 99 —020 -—-254 —.061 .031 .080 .020 .867 .033 .045
100 16 2 99 —.009 -—227 —.043 .030 .080 .019 .910 .057 .213
500 2 0 .99 -.107 — —-505 .164 — .067 .826 .931 .000
500 2 1 .99 -.102 — —497 163 — .067 .831 .928 .000
500 2 2 .99 —-.090 — —-476 164 — 067 .842 .932 .000
500 4 0 99 —-.056 -—-.748 —.256 .076 474 .033 .839 .671 .000
500 4 1 99 —054 -756 -—.248 .076 474 .032 .844 .681 .000
500 4 2 99 —-039 —640 —-.226 .076 .489 .032 .864 .727 .000
500 8 0 99 —-.030 —442 —.130 .038 .192 .017 .845 .310 .000
500 g8 1 99 —-025 —-459 —.123 .038 .194 .017 .860 .296 .000
500 8 2 99 -—-014 -—-367 -—.103 .038 .190 .016 .884 .425 .000
500 16 O 99 -—.015 -218 -—.067 .019 .077 .009 .852 .055 .000
500 16 1 99 —010 —240 —.060 .019 .080 .009 .878 .040 .000
500 16 2 99 —.002 —.180 —.042 .019 .074 .008 .924 .125 .000

Notes: Data generated as y;; = poyir—1 +a; +&;; (i =1,..., N;t=1,...T) witha; ~ N(0,1), &;; ~ N'(0,1), and
v the degree of outlyingness of the initial observations y;q. Entries: bias, standard deviation (std), and coverage rate
of 95% confidence interval (ci g5) of adjusted likelihood (p,), Arellano-Bond (pyp), and Hahn-Kuersteiner (ppy)
estimators; ‘— indicates nonexistence of the moment; 10,000 Monte Carlo replications.

deviation and is virtually unbiased, except when w = 0 and 7 = 2. Both
estimators also deliver 95% confidence intervals with broadly correct cover-
age and their biases decrease in N, as the theory predicts. The estimator of
Hahn and Kuersteiner (2002) has substantial bias for small 7" and its performance
is sensitive to . In line with the theory, its bias decreases in 7' and is nearly
constant in N.

When pg is increased to .99 (second part of Table 1), the performance
of all estimators tends to worsen. pyp deteriorates the most, showing a sub-
stantial bias, large dispersion, and confidence intervals with lower coverage.
pal continues to have little bias and provides confidence intervals with roughly
correct coverage. When py is large, the probability that the adjusted likelihood has
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no interior local maximum in the relevant region is fairly large (up to the large-N
theoretical maximum of 50%), in which case we set the confidence interval equal
to R. This probability decreases in N, T, and . In most designs, phk outperforms
Pab in terms of bias and standard deviation. The associated confidence intervals,
however, are not reliable.

In the second-order autoregression with py = (.6,.2)T (Table 2), both py and
Pab perform well in terms of bias. py has the least bias, even though the bias is
nonnegligible when 7 = 2 and also when 7' = 4 and the initial observations are
strong inlyers. The comparison between py; and pyp in terms of dispersion shows
no clear ordering; their standard errors tend to equalize as T or y grows. As
before, ppk shows a substantial bias when T is very small. Together with its small
standard deviation for most values of 7', this again leads to confidence intervals
being too narrow.

TABLE 2. Simulation results for the second-order autoregression

bias std cigs
N T wyw po Pal Pab Phk  Pal  Pab  Phk Pal Pab  Phk
100 2 3 6 -—.143 — —.848 262 — 304 .822 .927 .029
2 =.349 — =742 .665 — 807 956 .945 .479
100 2 1 6 —.146 — —.844 267 — 167 811 914 .000
2 =173 — =730 285 — 273 879 918 .047
100 2 2 .6 —.143 — —.846 .265 — 152 819 923  .000
2 —.139 — =733 244 — 180 .838 .923 .001
100 4 3 6 —069 —.282 =327 .122 283 .065 .860 .781 .000
2 =030 -—-.123 —.121 .098 .135 .093 .930 .810 .528
100 4 1 6 —.001 -—-.044 -—-204 .122 .121 .061 .920 .919 .050
2 =001 —-.022 —-.051 .095 .091 .083 .949 927 .786
100 4 2 .6 009 —.011 —.005 .082 .064 .048 954 941 .953
2 005 —.005 073 .073 .065 .066 .955 .941 731
100 8 3 6 =015 —.101 —.144 .064 .088 .043 923 .778 .056
2 =008 —.052 —.066 .055 .056 .046 946 .843 .608
100 8 1 6 006 —.033 —.071 .063 .055 .039 956 .895 .501
2 003 —-.015 —-.003 .052 .045 .044 962 931 915
100 8 2 .6 .000 -.012 027 .038 .038 .031 .940 .930 .883
2 .001 —.002 075 .036 .036 .038 .944 947 432
100 16 3 .6 003 —-.041 -.050 .037 .036 .028 963 .793 512
2 002 —.025 -—-.030 .035 .031 .028 963 .868 .780
100 16 1 .6 000 —.024 —.024 .031 .030 .027 .950 .871 .826
2 000 —-.011 001 .029 .028 .027 .949 926 .933
100 16 2 .6 .000 -.011 015 .025 .026 .023 .945 .922 .905
2 .000 —.003 041 .024 024 .025 946 .945 576
500 2 3 6 -—.104 — =845 .163 — 134 .827 .928 .000
2 =.253 — =733 331 — 356 952 926 .142

Table continues on overleaf
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TABLE 2. continued

bias std cigs
N T wyv po Pal  Pab  Phk  Pal  Pab Phk  Pal  Pab  Phk
500 2 1 6 -—=.105 — —.843 163 — .075 .830 .925 .000
2 —.114 — =730 .160 — 122 .864 .924 .000
500 2 2 6 -—.104 — —.843 162 — .067 .834 .927 .000
2 —.098 — =729 147 — .080 .843 .927 .000
500 4 3 6 -—-.040 —-.067 -—-.325 .076 .144 .030 .867 .900 .000
2 =017 -.030 -.116 .051 .071 .042 .922 909 .079
500 4 1 6 012 —-.009 -=.202 .077 .056 .027 .942 938 .000
2 .007 —-.003 —.049 .051 .041 .037 .962 950 .566
500 4 2 .6 .001 —-.002 —-.006 .033 .029 .021 .956 .947 .951
2 .001 -.001 074 .032 .029 .030 .946 946 .206
500 8 3 6 —-.003 —-.023 -—.143 .039 .041 .019 .927 912 .000
2 =002 —-.012 —-.065 .030 .028 .020 .948 .920 .076
500 8 1 .6 .003 -.007 -.070 .030 .025 .017 .964 940 .014
2 .001 —-.003 —-.002 .024 .020 .020 .960 .946 911
500 8 2 .6 .000 —.002 026 .017 .017 .014 .949 949 568
2 .000 .000 .077 .016 .016 .017 .952 .952 .004
500 16 .3 .6 .001 -.010 -.050 .017 .017 .013 .962 909 .016
2 .001 —-.006 -.029 .016 .014 .012 961 932 .316
500 16 1 .6 .000 —-.005 -.023 .013 .014 .012 953 .933 .459
2 .000 —.002 002 .013 .012 .012 .948 .943 932
500 16 2 .6 .000 —.002 .015 .011 .011 .010 .948 946 .701
2 .000 .000 .042 011 .011 .011 .951 .949 .028
Notes: Data generated as y;; = po1Vir—1 + P02Yitr—2 +a; +¢&ir (i =1,..., N;t =1,...T) with a; ~ N(0,1),

gir ~ N (0, 1), and y the degree of outlyingness of the initial observations (y;(, vi,—1)- Entries: bias, standard devi-
ation (std), and coverage rate of 95% confidence interval (ci g5) of adjusted likelihood (py)), Arellano-Bond (p,p),
and Hahn-Kuersteiner (pp ) estimators; ‘—’ indicates nonexistence of the moment; 10, 000 Monte Carlo replications.

Table 3 presents results for the first-order autoregression with a covariate, gen-
erated as x;; = da; + y Xij;—1 + u;; with u;; ~ N (0, O'MZ) and x;o drawn from the
stationary distribution. The mean and variance of the stationary distribution of y;;
are

ai J 1 (14
i = i (]+ ﬁO ), s = . 1+ ﬁo 2( Vp())o_”z )
1= po l—y 1—p; I1—y2\1—=ypo

We set d = g, = .5 and Sy = | — pg, inducing dependence between the covariate
and the fixed effect, and keeping the long-run multiplier of x on y constant at
unity across designs, as in Kiviet (1995).

The first part of Table 3 corresponds to moderate persistence in y and x, with
y = po = .5. In this case, By and Oy, perform very reasonably, both for pg and
Lo. ghk performs well for Sy, except when T =2 and y is O or 1, but not for p,
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TABLE 3. Simulation results for the first-order autoregression with a covariate

bias std cigs
N T y y O Pal  Pab  Phk  Pal  Pab Phk  Pal  Pab  Phk
500 2 0 5 5 —-.052 — —.662 .166 — .067 .867 .934 .000
S5 =012 — —.165 115 — .085 .965 954 .284
500 21 5 5 .031 — —417 170 — .064 .929 .947 .000
) .000 — 008 .112 — .091 .967 .954 .831
500 2 2 5 5 .005 — 075 070 — .052 .955 947 .648
S5 —.001 — —-.020 .112 — .114 952 951 .837
500 4 0 5 5 011 —-.019 —.245 .080 .058 .030 .950 .928 .000
5 002 —.002 —.029 .057 .056 .054 955 .949 .847
500 4 1 5 5 003 —.014 —.124 .050 .049 .030 .958 .936 .006
) .000 .002 016 .056 .056 .054 .950 .949 .896
500 4 2 5 5 .000 —.005 078 .028 .028 .025 .945 945 .085
) .000 .002 —.030 .057 .057 .057 949 949 872
500 8 0 5 5 000 —.011T —=.061 .022 .024 .018 .951 .926 .054
5 .000 .001 003 .033 .033 .033 .947 .947 .929
500 8 1 5 5 000 —.010 —-.025 .020 .022 .017 .950 .927 .619
) .000 .002 005 .033 .033 .033 .948 .947 932
500 8 2 5 5 .000 —-.005 042 .015 .016 .015 .949 936 .138
) .000 .002 —-.016 .033 .033 .033 .947 .947 .908
500 16 0 5 5 000 —.008 —.010 .012 .013 .011 .949 905 .818
5 .000 .002 002 .021 .021 .021 .950 .950 .943
500 16 1 5 5 .000 —.008 —.002 .011 .012 .011 .951 .909 .928
) .000 .002 001 .021 .022 .021 .950 .949 944
500 16 2 .5 5 .000 —.006 017 .010 .011 .010 .950 .920 .503
) .000 .002 —.006 .022 .022 .021 .950 .949 .935
500 2 0 .99 99 —.104 — —.503 .164 — .067 .829 .827 .000
.01 .001 — —.002 .121 — .100 .978 .983 .833
500 2 1 .99 99 —-.103 — —-.503 .164 — .067 .830 .827 .000
.01 .002 — 004 .121 — 100 .978 .981 .835
500 2 2 .99 99 —-.091 — —485 164 — .067 .840 .888 .000
.01 .003 — 009 .122 — 101 .979 971 .833

500 4 0 99 .99 —-.057 —.566 —.254 .077 .259 .032 .840 .331 .000
.01 .000 —.003 —.002 .055 .055 .052 .976 .957 .906

500 4 1 99 99 -—-.056 —.575 —.253 .077 .259 .032 .837 .325 .000
.01 .001 .008  .004 .055 .055 .052 .975 .957 .905

500 4 2 99 99 —-.045 —-.199 -—-.236 .077 .152 .032 .853 .706 .000
.01 .001 .007  .008 .056 .054 .052 974 951 .904

500 8 0 99 99 -—-.029 —-315 —-.129 .038 .101 .017 .852 .042 .000
.01 .000 —.001 —.001 .028 .030 .027 .975 .952 .924

500 8 1 .99 99 —-.028 —.317 —.128 .038 .101 .017 .854 .040 .000
.01 .001 011 .004 .028 .030 .027 975 .937 .922

500 8 2 99 99 -—-.018 —.119 —.112 .038 .056 .017 .883 .394 .000
.01 .001 .009  .008 .028 .028 .027 975 .938 913

Table continues on overleaf
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TABLE 3. continued

bias std cigs

N T vy y 6O Pal  Pab  Phk  Pal  Pab  Phk  Pal  Pab  Phk

500 16 0 .99 99 -.014 —-.163 —-.066 .019 .038 .009 .854 .000 .000
.01 .000  .000 .000 .014 .016 .014 972 .950 .931
500 16 1 .99 99 -.014 —-.162 —-.065 .019 .038 .009 .857 .000 .000
.01 .001 012 .005 .014 .016 .014 971 .893 914
500 16 2 .99 99 —-.005 —.065 —.050 .019 .021 .008 .900 .082 .000
.01 .001 .010 .008 .014 .015 .014 970 .897 .898

Notes: Data generated as y;; = 01 yi;—1 +0p2Xi; +a; +&jp, Xjp = Sa; +yxj—1 +uy (=1,..., N;t=1,...T)
with o; ~ N(0, 1), g;; ~ N(0,1), u;; ~ N(0,.25), w the degree of outlyingness of the initial observations y;(,
and x;o drawn from the stationary distribution. Entries: bias, standard deviation (std), and coverage rate of 95%
conﬁdence interval (ci g5) of adjusted likelihood (Hal) Arellano-Bond (Hab) and Hahn-Kuersteiner (A ) estimators;
— indicates nonexistence of the moment; 10,000 Monte Carlo replications.

except when T is sufficiently large. The second part of Table 3 shows a case
where y and x are highly persistent, with y = pg =.99. All estimators of Sy tend
to improve, while those of pg deteriorate. The latter results are in line with those
for the first-order autoregression without covariates: pa, deteriorates the most,
while py is only moderately biased and the corresponding confidence intervals
have reasonable coverage.

The results presented here are a subset of a larger set of simulations that we
ran with 7 ranging from 2 tot 24 and N from 100 to 10,000. The complete set
of results is available as supplementary material. The results are in line with the
tendencies discussed here.

7. CONCLUDING REMARKS

We studied how the incidental parameter problem in a fixed-effect autoregression
can be solved by adjusting the (quasi-)likelihood. Our approach, based on
removing the bias of the profile score, turned out to be equivalent to several
other recent likelihood-based proposals, offering a unifying perspective on these
methods. Perhaps our main finding is that, even in regular cases, the parameters
locally maximize the expected adjusted profile log-likelihood, not globally. Given
that this difficulty arises here in a linear model, one may speculate that it will
arise in other models as well.

The adjusted likelihood estimator, accordingly defined as a local maximizer of
the adjusted likelihood (or the local minimizer of the norm of its score), is asymp-
totically normal in regular cases. We have not investigated its limit distribution
in the case where the adjusted Hessian, H,(6p), is singular (which includes all
cases where po is a flat inflection point of the adjusted profile likelihood limit).
In this case, while the estimator is still consistent, its convergence rate is likely
to be slower than N~!/2. Presumably the limit distribution and convergence rate
could be derived using arguments along the lines of Rotnitzky, Cox, Bottai, and
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Robins (2000), extending the results of Kruiniger (2014) to the higher-order
autoregressive case.

The construction of an adjusted profile score can be extended in several di-
rections, for example to models featuring cross-sectional and time-series het-
eroskedasticity (see also Alvarez and Arellano, 2004), although we have not
studied the global properties in this case. It may be noted that the adjustment
term, —b(p), is robust to cross-sectional heteroskedasticity (052 instead of in-
stead of o). We investigated this in an earlier version of this paper (Dhaene and
Jochmans, 2007), where we also derived the adjustment for the first-order autore-
gressive model with fixed effects and individual time trends. Juodis (2012) derived
the adjustment in the first-order vector autoregressive model with fixed effects.
In the latter two cases, the adjustment term is still a polynomial that depends on
the autoregressive parameters only.

A limitation of our approach is the exogeneity assumption with regard to the
covariates. It would be of interest to investigate if the approach could be extended
to deal with feedback of lagged y on covariates.

NOTE

1. Several other authors also make use of the Laplace approximation in connection with panel mod-
els featuring incidental parameters. For example, Arellano and Bonhomme (2009) use it to approxi-
mate the bias of the integrated likelihood in general nonlinear models, and Gagliardini and Gouriéroux
(2014) apply it to approximate the integrated likelihood of a default-risk factor model, where the inte-
gration is over the time path of the unobserved factors.
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APPENDIX: Proofs

Proof of Lemma 2.1. Using (2.2),

plimy o N7V SN 6T MS; (i + Foer)

plimy_, oo NI SN e T Me;

T .
B E(ai MSjFoéi) _ uMS;Fy
E(ngM,s,-) r-1"°

plimy _; 505y, (6p) =

plimy _, o058, (60) =0,

where £o; and F{ are {; and F, evaluated at 6y. We now write trM S; F( in terms of the ¢;.
Note that

. 0 0
/—Dj—‘O’

where Dj_1 is the leading (T — j) x (T — j) block of D~ For arbitrary p1,...,p7—1, D
and its inverse are

p| ., pl=| # ,
=pr—1 - —p1 1 dpr—1 - 1 1

where ¢y, ...,¢7_ are recursively obtained as ¢ = p| and ¢; = p; +Z]]C;i dkpj—k>
Jj=2,...,T —1.Recursive substitution gives

kit thkp) 1ok
$j = Thlk, PP h
ki+2ko+-+ jkj=j B

Putting p, 41 == pr—1 =0 gives ¢; = ¢;. Therefore,
aMsiFp D7 T
—_ — = — Z Y ¥t, jzl,...,p,
T-1 T(T-1) = T(T-1)
which equals b; (p). |
Proof of Lemma 2.2. For j =1,..., p,let §; = {S € §|j € S}. Group terms by § € S;
to write
/bj(p)dpj = Z Bj s(p)te,

SESj
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where

T i 5 (sz)!

ks
B; s(p) = — = .
5,54 PjPs
tzz(:) T(T-1) kyleee (kj4+1)1kp!

kel st Tk=t

and K g = {k € NP| for all j" # j, kj > 0 if ond only if j" € S} D Kg. A change of
variable from k; + 1 to k; gives
Tek—1)1
(Te=1)r

Kyl kpt P8

T vy
Bis(p)=— > @D >

1=|S|—j keKg:t Thk=t+j

where the lower limit in the first sum changed from O to | S| — j because, when t < |S| — j,
no k € Kg satisfies tThk=1+ j. A further change of variable from ¢ + j to ¢ gives
Bj s(p) = as(p), with ag(p) as defined in (2.4). Therefore,

bi(p)=Vy; D as(p) =V D as(p)=Vya(p),
SeS; SeS
which completes the proof. n

Proof of Equation (3.3). In the parameterization 7; = aje~T=1a) e have

2
e(T—Da(p)
To?

T
Lgn2 1 T a2
@) =—7logo” =275 tZ_l (it =270 = mieT=Da0)) ",

.
Vi (9. 1) = (vi = Zi0 = e T=Da@) T,

and

Eg,y Vi 6 0, 1) = —a 22T =Da0),
B, Vg2, €i (@0, 1) =0,

2 (T=1)a(p) (T=1)a(p) Ey 21
Eg,y; Vou (i (9, ni) = —0 e P i (T = b(p)e p ")

The jth column of Y; _is y; —j = S; (& + Fe;) , so the jth element of Ey . Yi—iz is
Eg,y; yl-T_jz = zTij,- = zTDj_llﬂ,-e(T_l)“(p) +Tmj,

where

39

T i

m; =1 S; _ T.
J J(D 1(Cy?+Xi,B))/

Hence,

g,y 21/ T ==ni(T = )b(p)eT=D4®) 4,
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where m = (my,...,mp, zTX,~/T)T is free of #7;. Consequently,

A7 By = e~ (T=Da(p) (’g)

and V,, (A7'B;) =0. n

Proof that no orthogonalization exists when p > 1. In the original parameterization,
if [; (9, ;) is i’s log-likelihood contribution, we have

B0, Vaioili (9.0;) = =072, B0, V24, li 09, i) =0,
E,0; Voo li 0, a;) = =0 *Eg.4, 21/ T,

and so, by the preceding proof,

A-lp (Eﬁ,ai Z,-Tz/T) _ (—(T ~ Db(p)a +m)
Pt 0 - 0 :

Suppose some reparameterized fixed effect, say (;, is orthogonal to ). Then a; = a; (¥, ¢;)
must satisfy the differential equation Vya; = Ai_l B;, that is,

Vp;ai = (T —Dbj(p)a; —m;j, j=1....p, (A1)
Vﬁja,-:—mp_,_j, j=1,...,q, (A.2)
and V_sa; = 0. We show that these equations are inconsistent. Suppose g > 0. Then

(A.1) implies ij B = —Vﬂj,mj, which is generally nonzero, while (A.2) implies
V. p..ai =0, so the equations are inconsistent. Suppose g = 0. Then
PjbPj

T U 0 ;
Tmj=1 SJ-(D_p]C)yi, ji=1,...,p,

and, because ij,bj (p)= ij,pja(p) =V, b/ (p), (A.1) will be inconsistent if ij,mj #*
Vpmj: for some j, j’. Take j = p and j" = p — 1. The first element of y? appears in

Tmp and Tm,_y with coefficients y, = 14 pp ZIT;()p—l ot and yp_1 = pp Zth_op o1,
respectively. Differentiating gives

T—p—1 T—p
Vop17p = Pp Z Vop—10t = pp z Vo, 1,
t=0 t=1
T—p T—p
Voptp=1=pp 2, Vo 01+ D 01
t=1 k=0

using o9 =1 and V9 = Vp,¢,11. The latter follows from differentiating ¢; and a
change of variable from k. — 1 to k1, giving

(sz—i—l)!
Kyl k!

k

Vpp_l Pt = P

t Tk=t—p+1
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which is invariant under a unit shift of p and ¢. Therefore, V), p—17p 7 Vp,7p—1,and (A.1)
is inconsistent. n

Proof of Equation (3.5). By the preceding proof,

Eﬁ,(x,' Vo0 li - (Eﬁ,a,— ZiTl/T)
]E’l9,0(,' Va;(x; i 0

and so

g__( U_Z(Z?—Elg’aizl.—rnT/T)(yi—Zl-H—la,-) )

;= }
o~ i = 2i0—10)T (yi = Z;0 —10;) /2— 72T /2

Recalling By o, Z1/T = —(T — 1)b(p)a; +m, we have

—2672T(T = )b _
Vojo;8i = ( 0£4T ) (p))’ Vel = —0 2T,

L l Vaiai 8i
and therefore g; — 5 Verar T equals

(0—2 (2] ~Eo0 2T 0T/ T) i = 20 = 10) = (T = 1)b(p))

o~y = 20 —109) T (vi = Zi0 —107)/2= 0 T2(T = 1)/2

Evaluating at a; = @; () =1 (y; — Z;0)/ T and noting that Vo ai0; i =0 gives (3.5). B
Proof of Lemma 4.1. Let A = S1 Fy and B =V, A. Then

(T AL T

b= ———21 LB
=TT OETTrar o
and

yrp_ WATMA _ TwAAT—iTAAT:
o= r—1 = T(T—1)

Hence, VB > 2b3 and VEB > 2b3 — ¢ if and only if

2
2 (zTAz)
TwAAT —TaAT -~ 7 >, (A.3)
T(T—1)
2@TA02
TwAAT —1TAaATi— >~ 7 _,Tg;>o. (A4)
T(T —1)

The matrix A = Ar is

0 0
A=(] 0), T=2,

Ar_1 O T
A=( TTl 0), aT=(PT_2,pT_3,.-.,1) , T>2,
ar
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where the subscript on p is omitted. By recursion, it can be deduced that

T-2 T-2
A= (T—j-Dpl,  TB=Dj(T—j-1p",
j=0 j=1
T-2 ) T-2 J 2
wrAAT = (T—j-1p*,  TaaTi=>" Dk,
j=0 j=0 \k=0

yielding VOLB as stated in the lemma. Now let » > 0 and use the equalities just obtained to
see that if (A.4) holds for p = r, then (A.3) holds for p = r and (A.3) and (A.4) hold for
p = —r, with strict inequalities for 7 > 3. Hence, we only need to show that (A.4) holds
for p > 0, with equality if and only if 7 =2 or p = 1. Write (A.4) as Q7 > 0. Because
Q> =0, to show that (A.4) holds, it suffices to show that AQ7 > 0 for T > 2, where
AC)r =) r+1— (7. Write AQ7 as

()’
l l
AQr =A | TuAAT =i TAAT i —2>— 2 Th;

T(T—1)
T
2 2
(ITAI) (zTAz)
. (trAAT) -2 r+1l 1) T—A(zTBz)
T+ T T(T+1) T(T—1) T

+{ra (trAAT)T —A (zTAATz)T}

and denote the quantities in braces as 71, 72, and 73. Using T (T +1) /2 = z,'T:_o] (T —1i),

we have
T-1 ) 2 T-1 ) 2
TIZZ(T—j)PZJ—m Z(T—j)ﬂ]
Jj=0 J=0
T S STV PR
T(T+1) | & « T(T+1) '
i=0 j=0
whereu:(T,T—l,...,l)T and
1 1 1 1 p pT—l
p? PP p? p P pT
R= -1 .
p2T=2 p2T=2 ... T2 pT=1 T . 22

Consider the principal minors of R. Those of order 1 are 0; those of order 2 are

2 _ it N2
det<p2j_0pi+j r Op )Zp’+’(pf—p’) >0, O0<i<j<T,
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given p > 0; and those of order greater than 2 are 0 because R is the sum of two matrices
of rank 1 and, hence, rank (R) < 2. Therefore, R is positive semi-definite and 7| > 0.

Furthermore,
2
T—1 T—1 T—1T-1 T—1T-1
2j j 2j i+ T

R IGE DI IR W WEED W WA E R

j=0 j=0 i=0 j=0 i=0 j=0
Use

2

2T -4

(TAI) Z(T i=bpl ) = > gl
j=0
T-2 ) T-2 )
A7), EZAT DT =S @ == npi T =S e,
j=0

.]—1 j:l
where
gi= >, (T—k=D)(T-1-1)
0<k,I<T-2
k+i=j
_T-DT—-j-DG+D+jG-DG+1)/6 if0<j<T-2,
TlQeT-j-1)QT—-j-2)2T—j—-3)/6 ifT—2<j<2T—4,

hj=j+1, 0<j<T-2,
to write 7 as a polynomial

i dgi—h;  if0<j<T-2,

_ i o
2= Z‘hﬂ © 1T dg; ifT—2 < j<2T—4,
whered:ﬁ.WhenT:Zorp:1,1'2=0.F0rT>2,
1
lim o (1—p) 2= =TT =1)(T=2)(T+1)>0
p—1 72

and, therefore, 7p = (1 — p)2 P(T,p), where P (T, p) = Zzz p/ is a polynomial of
degree 2T — 6, with coefficients p; = Z,-j:o (j+1—1i)g; given by

d(j+;)+d(1+3)(T D(T—j-2)/2 if0<j<T-2,

pPj=
2T —j—1 . .
d(ZT—j—6) if T —2<j<2T —6.

Hence 75 > 0 because p; > 0. (An earlier version of this proof stated that p; increases in j
for j > T — 2. This was incorrect, as noted by Kruiniger, 2014.) This establishes Q7 > 0,
that is, (A.4). Recall that O, = 0 and note that p = 1 implies 7; = 7 = 73 = 0 and, hence,
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Q7 =0. Therefore, Q7 =0if T =2o0rp=1.1f T > 2 and p # 1, then A Q7 > 0 because
73 > O when T =2 and 75 > 0 when T > 2. Therefore, Q7 =0Qonlyif T =2o0rp=1.1

Proof of Theorem 4.1. L,(p) having a local maximum or a flat inflection point at p is
equivalent to b(p) approaching S(p) from below as p approaches pq from the left. We will
write this as b(p) T S(p) at pg, and show that b(p) 1 S(p) on [ﬁ, ﬁ] at most once. From

2(p = pm1) (34“3 —(p— pm1)2)

(@ +0—pm?)’

VpH(p) =

it follows that S(p) is strictly concave on [p, pm] and strictly convex on [py, p]. Because
¢r = p', b(p) and its first two derivatives are

T-2

T—-1-—
b(p):_ZT(Ti—lgpt’
t=0
r-2 T2
r—1- (T —1-
C(ﬂ)z—zt(T(Ti_l)t)pt_l, d(p):_zl(lj‘)(]("—_l)l)pt_2'
t=1 1=2
For p # 1,
__T=1=Tptp"
b(p) = TT—D="
ey = T =22 T+ TpT 1 - (T=2)p"
" TT—H-p)
d(p)—_2T_6_2Tp+T(T_1)pT_2_2T(T_3)pT_1+(T—2)(T—3)pT

T(T—1)(1-p)*

When T < 3, b(p) is linear and so, given that S(p) is concave-convex on [p, ], b(p) 1
S(p) on [B’ ﬁ] at most once. Suppose 7' > 4. Then, b(p) is a polynomial of degree 2 or
higher with negative coefficients, so b(p) is negative, decreasing, and strictly concave, on
R4. Further, by Descartes’ rule of signs, c(p) has one zero on R_ when T is even and
none when 7 is odd, and d(p) has no zeros on R_ when T is even and one when T is
odd. Suppose T is even. Then ¢(—1) =0 and b(—1) = —2(%_1) < 0, s0 b(p) is negative
and strictly concave on R, and, hence, its intersection with S(p) on @, ﬁ] can only be
on (pml,ﬁ], where S(p) is strictly convex and is approached from below by b(p) at most
once. Now suppose 7" is odd and 7 > 5. Then,

T-3
4T

24=T (T —2) (2T —3T + 1)

d=D= 27T (T — 1)

S0 a(-})-

<0,

80 b(p) is strictly convex on (—o0, py] and strictly concave on [p,,00) for some p, €
(-1, —%) and decreases on R. Define p, by b(p,) =0, that is, by T (1 —p,) =1—p[,
pu € R_.Since T > 5, we have —2 < p, < —1. Thus, b(p) is negative and strictly convex
on (pu,pv], with -2 < p, <—1<py < —%. Let R = [pu,pu] N [pml,ﬁ]. If R is empty,
then p, < pmy1 or p < py; in either case, by the concavity-convexity of S(p), b(p) T S(p)
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AUTOREGRESSIONS WITH FIXED EFFECTS 1213

on [p,p] at most once. If R is nonempty, to show that b(p) T S(p) on [p, 7] at most
once, it suffices to show that S(p) decreases faster than b(p) on R, i.e., H(p) < c(p) for
p € R. We will show below that (i) VLB > L2Lif po < 0: (i) VEE > Lif pg > 0. By (i),
pmi = po+bo/ Vo = po+2by > —1if 0 < po < 1 because b(O) —+.b(1)=—1, and
b(p) is concave on [0, 1]. Further, py, > 0if pg > 1 because, then, 2}7 > —1. Hence

R is empty if pg > 0. Now suppose pg < 0. Define p,, by S(py) = b(pv) Pw € [pml, P15
and pl’l} by S(pz/u) =b(0) = _%9/)1/1) € [pm1, P1- Then py — pm) < pl’l) — Pml = %(T -

/T2 _4§§). By (i), gg = Vov_zb‘) < ‘}0 < % % Since H (p) increases on [pp, p] and
0

H (p),) decreases in T’ and increases in (g,

2 2
15 s 2
H(py)=— 0 2+252(Pu))<_ 0 ) 2+T2
Cg + (pw _,Dml)2 Cg + (/)1/1) _pml) )
5/4 2 1
< — - I

+— <
22 25 2
5 1
(1+Z (5—«20) )
and so, H(p) < —% for p € [pmi> pwl. On the other hand, T (1 —p,) =1 —puT implies

_ 1— T—1
l—pf—“ = Tp_“l and, therefore,

~T4+Tp 11
T(T-1)(1—p)? pul—pu) 2

c(pu) =—

So, c(p) > —% for p € [pu, pv] and H(p) < c(p) for p € R. We conclude that b(p) 7 S(p)
on [p ﬁ] at most once, provided (i) and (ii) hold, which we now show. Write VOL B —

T(T ) Zzzo vjpg where
;=TT —j-D—{Qj+ DT —-j-1D)—-j(+D}
- (2j—T+1)(2j—T+2)1{2j2T},
041 =—{C2j+2)T—j=2)—jG+D}=Qj—=T+2)2j—T+3)12j+1>1)>

. i 2 j i i
using (X7 _opK)" = 2/ _ok+ 1) p* + 3, (i —k+1)p/T*. Clearly, vpj41 < 0.
Further, v; > 0 because

[T =2 =T =j=D)+j(+1) f0<2j<T,
b2 (T—j=1G+1 ifT <2j <2T —4.

Hence, VOLB decreases in pg on R_ and (i) follows because VOLB = %

When 0 < pg < 1, a sufficient condition for VOLB > % isthatd, >0for0 <k <T —2,
where dj = Zf:o (DQJ' +l)2j+1) —

when pg = 0.
@. We have

Di b 0ysef = (T-2j—-DH(T—-j—-1)—(T-2j-2)2j+2) if2j+1<T,
2T T ) i =T 4+3)(T—j—1) if2j+1>T.

Downloaded from https:/www.cambridge.org/core. Fondation nationale des sciences politiques, on 28 Mar 2017 at 16:00:15, subject to the
Cambridge Core terms of use, available at https:/www.cambridge.org/core/terms. https://doi.org/10.1017/50266466615000146


https:/www.cambridge.org/core/terms
https://doi.org/10.1017/S0266466615000146
https:/www.cambridge.org/core

1214 GEERT DHAENE AND KOEN JOCHMANS

Only when 2j +1 < T is it possible that vy j + 0241 <0, so it suffices to show that d >0
for2k+1 < T. We obtain, for2k+1 < T,

T(T—1)

1
de =35 (k+1) (2T2—5Tk+4k2—8T+13k+10)— 5

Define f; by d = L(k+1)fi. Then, fo = (T=2(T=5) > 0, f; =
L (372257 +54) > 0,and, for k =2,

5
fi > 5T2—5T1<+41<2—8T+13k+1o
1
=3 (T =2%=2)(5T =6k —16) +k (T = 5)+2(T = 1)) > 0.

Hence, VOLB > % when 0 < pg < 1. When pg > 1, it also holds that VOLB > % because

then by < b(1) = —% and VOLB > 2b(2). Therefore, (ii) holds. n
Proof of Lemma 4.2. Use y; _| = S1(y; + Foe;) to write Z; = (y; —1,X;) =
(S1Fpei,0)+ E;, where E; = (S1&;, X;) is independent of ¢;. Proceeding as above, we
have
. N
plimy oo 20 2 MZi VEE 0
Vo= ) = + Ve,
o5 (T—1) 0 0
where

V.

[

~ LN =Tye
_ (V:: Vg“x) _plimy ooy 3 B ME;
Vxe Vxx ‘7(% (T—1)

is positive semi-definite and Vxx is positive definite by assumption. Therefore, Vs —
Vex Vigy Ve = 0and (V)1 = VEB 4 Ve — Vex Vi g Ve = VEE. L

Proof of Theorem 5.1. As N — oo, [5(p) converges to La(p) uniformly in p since
—a(p) is nonstochastic and sup,, lI(p) = L(p)| = op(1). Further, ppy; EA Pl wh

—H(pm1) = Wy, and £ £ in the sense that Pr [p € é] — 1{,eg) for any p not on the
boundary of £. Therefore,

Pal g {argmigS;r(p)Sa(p) s.t. Ha(p) <0f =po (A.5)
pe

and By = B(pa) > fo. u

Proof of Theorem 5.2. The adjusted likelihood estimator satisfies s (@\a]) = 0 with
probability approaching 1 as N — oo. By a Taylor series expansion of s,(@) around 6,

0= s5a(60) + Vorsa(@) (a1 — ) + Op (118 o1 1%).
Rearringing and using Vgrsa(6p) = Ha(6p) + 0, (1) gives

V'N (B —60) = —Ha(00) ' V/Nsa(6o) +0p (1).
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AUTOREGRESSIONS WITH FIXED EFFECTS 1215
Write s4(6p) as
NN 2T Me . o3 (T —1)

!
sa(6p) = —by = N e;.
NI e M NI e M Zl: l

Since Ee; = 0 and plimy_, ,oN lzz—l g Me; = og(T — 1), we have +/Nsa(fp) i)
N (0, £) and the result follows. u
Proof of Equation (6.1). Since py = po + Vo_lbo for every T, the result follows

on calculating lim7_, oo TVO_lbO. With pg = (p01,p02)T in the stationary region, yj; is
eventually stationary as t — oo and hence

E(YiT_MYi_) _
lim Vp= lim 27:00_2 lim Var( it )
T—o0 T—oo gy(T—1) 1—00 Yit—1
—1 (1 — P02 P01 )’ (A.6)
por 1—=pm

where a = (14 pg2) (1 — po1 — po2) (1 + po1 — po2)- In the steady state, we have, by the
proof of Lemma 2.1,

o0
Yit =0 +P01Yit—1 1+ P02Yit—2 +&ir = ij (ai + €ir—j) .
Jj=0
Therefore, with by = (bg;, bg2) |,

TE( My; _ )
lim Tby; = lim — "~
T—o00 T— o0 E(g. Mgl-)

T
-2
= -0, Tllm E{T~! ZF” Z)’it—j
t=1

t=1
) 00 1
— —52 . L [ L
=0y tgn;oE Eir Z(:))’zl+j = ZE)(”]— 1= o1 — oo (A.7)
j: =l

for j = 1,2. From (A.6)~(A.7), it follows that lim7_, o0 T'V{) bo =—1p(1+4 pon), Wthh
implies (6.1).
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