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Majority voting aggregates individual preference profiles into a binary relation
on the set of alternatives. Condorcet cycles are cycles of the aggregated binary
relation. We show that the relative volume of the subset of the (n!— 1)-simplex
that represents profile distributions such that the aggregated preferences display
Condorcet cycles is a decreasing function of the super majority level t bounded by

the expression
\ 1—1 n!
"\ oa714 ) -

This expression shows that Condorcet cycles become rare events for super majority
rules larger than 53%. Journal of Economic Literature Classification Number: D71.

© 1997 Academic Press

1. INTRODUCTION

It is known since Condorcet that the aggregation of individual preference
preorderings by the simple majority rule may yield cycles. Condorcet’s
original example involves three alternatives a, b, and ¢ and three agents
with the rankings a > b > ¢, b > c¢>a, and ¢ > a > b. Pairwise comparisons
of these alternatives under majority rule show that there is always a
majority to prefer a to b, b to ¢, and ¢ to a. Such a cycle occurs not only
for the simple majority rule but, more generally, for any super majority

* We thank an anonymous referee for an exceptionally insightful report. We thank C.
Ghiglino, C. Lang, J. C. Manini, and K. Shell for helpful remarks and stimulating discussions.
Support from the Swiss National Science Foundation is gratefully acknowledged.
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238 BALASKO AND CRES

rule 7 smaller than 2/3. Condorcet’s observation can easily be extended to
n alternatives by considering the circular permutations of an arbitrary
ordering of the n alternatives, which shows that cycles cannot be avoided
by super majority rules smaller than 1 — 1/n: see [9]. Since super majority
rules are unable by themselves to prevent the occurrence of cycles, an alter-
native line of research that dates back to Arrow in [ 1] has been to weaken
the unanimity condition. A continuity argument suggests that individual
preferences that are not too far apart within the spectrum of all possible
individual preference profiles must aggregate by majority voting into
binary relations that display no cycles. Results by Black, Caplin and
Nalebuff, Grandmont, Kramer, Plott, Tullock, in [3, 4, 8, 13, 15, 19] give
sufficient conditions on individual preferences (e.g., the famous single
peakedness condition and its multi-dimensional extensions) to guarantee
that aggregation by simple or super majority voting does not lead to cycles.
In contrast with these sufficient conditions of increasing levels of generality,
other results show that the probability of observing cycles is close to one
for many preference profiles and alternatives. Such a viewpoint is stressed
in particular by Arrow and Raynaud in [2] following previous work by
DeMeyer, Fishburn, Gehrlein, Guilbaud, Kelly, Maskin, May, and Plott in
[5-7,10, 11, 14]. Note, however, that almost all the latter results are
proved under the assumption that “all alternatives are intrinsically equally
favored” [ 14, loc.cit.], a significant restriction as we will see in a moment.

The research reported in this paper first defines a model where the two
different lines of study that we have briefly described—the first approach
placing restrictions on preferences; the second one assuming that all
preferences are equally probable—can fit together. Our own research fits in
between these two approaches by considering the distribution of individual
preferences as a parameter of the aggregation problem and by studying the
relationships between the properties of the aggregated preferences (defined
by simple majority and super majority rules) and the distribution of
individual preferences.! The second line is equivalent to imposing a fixed
distribution of preference profiles (with a variable number of alternatives)
while the first amounts to finding regions of the set of distribution profiles
for which there are no Condorcet cycles.

An important feature of the parametric approach is to enable one to
characterize sets of parameters for which a given property is satisfied. In our
case, this becomes the characterization, i.e., the description, of preference
distributions for which a given super majority rule yields Condorcet cycles.
Unfortunately, such description becomes practically impossible as soon as

"' When the final version of this paper was almost completed, we became aware that the
same setup is described in the recent book [17] by Saari; nevertheless, there is no overlap
between Saari’s results and ours.
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the number of alternatives becomes larger than 5. A weaker form of the
characterization problem is therefore to study the (relative) volume or
Lebesgue measure of the set of parameters that satisfy a given property. The
volume is a poor substitute for a complete geometrical characterization of
a set. Nevertheless, the information provided by the volume becomes
almost sufficient in itself when the volume gets close to zero. We therefore
estimate in this paper an upper bound Y(n, 7) of the relative volume V{(n, 7)
of the subset of the (n! — 1)-simplex that consists of distributions for which
the aggregated preferences for the z-super majority rule display Condorcet
cycles. We find an expression of the form

1—z\"
)4 =l ———
(n, 1) n.<0'471 > .

For t1=54% and n>7, for example, this implies Y(n,7) <107, an
extremely small number indeed. This upper bound is certainly not the best
one, but we did not place much effort in refining it given its remarkably
low value when either the number of alternatives tends to infinity or the
super majority level defined by t increases above the threshold value of
53%. Within our setup, this makes the Condorcet cycles a theoretical
curiosity without any practical bearing for super majority rules that exceed
the threshold value of 53%.

The paper is organized as follows. The main assumptions and definitions
are contained in section two, where we also introduce some tools of com-
binatorics. In section three, we define and state the main properties of the
upper bound Y(n, 7) of the volume V(n, 7) and show how remarkably small
this bound (and the volume henceforth) is as a function of the number of
alternatives n and of the level 7 of the super majority. The mathematical
proof of the central theorem is given in the Appendix.

2. DEFINITIONS, ASSUMPTIONS, AND NOTATION

Consider the set 4, = {1, .., n} of n elements (identified with the n first
natural integers) that represent n alternatives. Any permutation ¢ of the set
A, defines a complete ordering of these alternatives and can be identified
with an individual preference relation. We therefore denote by &, the set
of individual preference relations. The preferences of a collection of m
agents are then defined by a map from the set {1, 2, .., m} into &,,. The set
of such maps is finite, and therefore discrete. This makes it a poor
candidate as a set of parameters because infinitesimal variations of the
parameters are not possible. A better parameter space is obtained by con-
sidering the distribution of preferences among agents. Let us associate with
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every individual preference ordering the number of agents whose preferen-
ces are defined by that ordering. Since any majority rule is based on the
relative proportions of voters, only the ratio of agents having a given
ordering to the total number of agents matters. The distribution of
individual preference ordering can then be represented by an element of the
(n! —1)-simplex. Conversely, any element of the (n!—1)-simplex can be
interpreted as representing a distribution of individual preferences provided
the number of agents is allowed to tend to infinity. This makes the (n!—1)-
simplex a continuum and, therefore, a parameter space suitable for the
application of Calculus. Restrictive assumptions on individual preferences
then translate into assumptions on the location of the distribution profile
in the (n!—1)-simplex. For example, assuming an infinite number of
agents, the commonly used assumption that “all alternatives are intrinsi-
cally equally favored,” also known in the literature as “impartial culture,”
amounts to considering distribution profiles located at the center of the
(n! —1)-simplex. Similarly, the assumption that all preferences are identical
translates into distribution profiles located at one of the n! vertices of the
(n!—1)-simplex.

2.1. Miscellanies about Preference Profiles, Binary Relations,
and Permutations

Cycles of Alternatives for an Arbitrary Binary Relation

Let us consider an arbitrary binary relation > on the set of alternatives
A,. A cycle for the binary relation > is an ordered collection of elements
a=(a,, a,, .., a,) that satisfy

ay>ay> -+ >d,>da.

The cycle a is then said to have length ¢. The length of a cycle is necessarily
>3. Note that the image by a circular permutation of the ordered set a
represents the same cycle for the binary relation >. Therefore, a cycle of
> can be identified with an equivalence class of ordered sets, two ordered
sets being equivalent if one is obtained from the other by a circular per-
mutation, i.e., a permutation without subcycles.

The following lemma gives an upper bound of the number of cycles for
an arbitrary binary relation on the set A, of n alternatives.

Lemma 1. The total number of cycles for an arbitrary binary relation on
the set A, is <nl.

Proof. The number of ordered g-tuples of the set 4, is equal to the
product of (7), the number of ways to choose ¢ elements among n elements,
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and of the number ¢! of permutations of the ¢ elements. Since each equiv-
alence class of cycles contains exactly ¢ elements, the number of classes

corresponding to the cycles of length ¢ is therefore equal to

The number of different cycles of the set 4, is therefore equal to

n n!
(q_l)!<q>:q(n—q)!'

—n'<1+ + 1 + ! +1> (2)
T \3(n—=3)! (n—2)2! (n—1)1! n
-2
<n!< FE >=n!" <n!. (3)
n— n—1 n—1

w_/

(n—2) times

2.2. Readings and Eulerian Numbers

In this subsection, we review some properties of permutations that will
be needed in the next section. For further details, we refer the reader to
[12,16].

Readings

A permutation is said to require k readings if we must scan it k times
from left to right in order to read off its elements in increasing order. For
example, the permutation

(491825367)

requires four readings that are obtained as follows: the first reading consists
of the elements 1, 2, and 3; the second reading consists of 4, 5, 6, and 7;
the third and fourth readings consist of 8 and 9, respectively.

Eulerian Numbers

By definition, the number of permutations of P elements featuring r
readings is the Eulerian number (). By convention, one defines (> =1
and (%) =0 for r#0.

The first values of the Eulerian numbers are shown in the following
table:
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p,r|1 2 3 4 5 6 7
1 |1

2 |1 1

3 01 4 1

4 |1 11 11 1

511 26 66 26 1

6 |1 57 302 302 57 1

7 |1 120 1191 20416 1191 120 1

The Eulerian numbers satisfy the following recurrence relation:

)=l entont )

The Eulerian numbers satisfy the following almost obvious properties:

<€>:<?>+"'+<§>=P! (4)
<I;>=<p+li—r>’ p=1. (5)

2.3. Preference, majority voting, and a partition of the S,

The Setup

Let o be a permutation of the finite set of alternatives 4, = {1, .., n}, a
permutation that represents an individual preference profile >, by which
it is understood that we have the following ordering of alternatives:

a(1)>,0(2) >, -+ >, a(n).

In order to represent in a mathematically convenient way the outcome of
aggregate pairwise comparisons of alternatives, we introduce the set

Po={(i,j)ed,xA,|i>, ). i# ]}
and we let y, denote its characteristic function, i.e.,

1 for i#j and i>,J
0 otherwise.

Xa(ia ]) :{

The following simple lemma will turn out to be useful later.
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LEMMA 2.

Xl )= xialo ™' (D), a7 ().

Proof. The statement of the lemma follows from i>_ j equivalent to
o~ '(i) <o~ !()), itself equivalent to ¢~ '(i) > 0 '(j). |

Let m, denote the number of agents whose preference profile is g,
m=3__s m, the total number of people, A,=m,/m the relative number
of people whose preferences profile is o € S,,. The vector A =(4,),.¢, in the
(n! —1)-simplex then represents the distribution of preference profiles.

When the alternatives i and j are compared, the total number of people
that prefer i to j is equal to

Y. myy,(i, j)

oge S,

and their relative number is therefore equal to

Y Aoxolis ).

oceC,

Let us introduce 7, the level of the super majority rule. The following
lemma is obvious:

LEMMA 3. The alternative i is preferred to the alternative j under the
super majority rule T if and only if

Y Ari )> . (6)

ceS,

This condition can readily be applied to yield a necessary condition for
the existence of cycles. More specifically, let a = (a,, a,, .., a,) be a cycle of
length ¢ for the binary relation defined on the set 4, by super majority vot-
ing. Define a,, =a,. In the remaining part of this section, we are going
to partition the set of individual preference profiles depending on how
“close” they are to the cycle a. This will lead us to compute the number of
elements of related sets. We will eventually show that the numbers of
elements of the most important sets will not depend on the actual cycle a
but only on the length ¢ of that cycle; these numbers will also be related
to the Eulerian numbers that have already been introduced. With a fixed
cycle of alternatives a, we have:
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LEMMA 4. The inequality
q
Z j'a' < Z X(r(ai+lﬂai)> <CI(1 _T)
geS, i=1
is satisfied for the cycle a=(a,, a,, ..., a,).
Proof. The addition of the ¢ inequalities implied by Lemma 3, namely
Z ia’}{o’(ai’ ai+ 1) >T
for i=1, .., ¢, yields the inequality
q
IEHOWATRN)EVE
geS, i=1

We also have the equality

q: Z 2‘ﬂ(Z X(r(a[’ai+l)+){n'(ai+laai)>
N— g

geS, i=1 ~
=1

that follows readily from the equality to 1 of the sum y.(a;,a,,.,)+
X-(a;, 1, a;). Subtracting from this equality the above inequality yields the
inequality of the lemma. |

It follows from Lemma 4 that it will be helpful to have the following
integer valued function associated with every ordered subset a of 4,:

q
Xo‘(a) = Z Xa(ai+l7 ai)

i=1

with the convention a,,; =a,. Though the function X (a) is defined for
any subset a of A4,, its definition is related to the interpretation of these
subsets as cycles.

LEMMA 5. The expression X, (a) is an integer that satisfies the inequalities

Proof. The values 0 and ¢ are obviously excluded because the permuta-
tion ¢ defines an ordering of 4,, which is a transitive binary relation. ||
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LEMMA 6. Let s be a permutation of the set of alternatives A,. We then
have

Xo(a) =X, (s(a)).

Proof. By definition, we have

X os(a)) =3 xo.o(s(a;y 1), s(a;)

i=1

q
= zialetes T os(a; ), 07 es T os(ay))

i=1

=Y xialo a;1), 07 (a;)

i=1

=X,(a)
as follows from two successive applications of Lemma 2. |

Partition of S, by the Function X (a)

Let us partition the set of permutations or, in our context, of individual
preference profiles €, into the subsets B,, ,(a) defined for r=1, ..., g —1 and
g<n by

B, (a)={0eS,| X,(a)=r}.

A first step is to compute the number of elements b, (a) of these sets
B, (a). We observe that this number does not depend on the choice of a
specific cycle a but only on its length ¢ as follows from:

LemMmA 7. Let s be a permutation of the set A,. Then we have

b, (a)=b, (s(a)).

Proof. Follows readily from the definition of the set B, .(a) combined
with Lemma 6. ||

This result enables us to assume from now on that the cycle a is the set
A,={1, 2, .., q} of the first ¢ alternatives. We therefore denote by b, ,(¢)
the number of elements of the set B, .(a), number that we now know does
not depend on the actual cycle but only on its length.

The computation of b, ,(q) proceeds by iteration on n.
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LEmMMA 8. Let r, n, and q be fixed and satisfy 1 <r < q—1; we then have

bn+ 1, r(q) = (7’1 + 1) bn, r(q)

Proof. Consider a preference profile ¢ in B, ,(a). From the definition,
this profile has r pairwise comparisons that are identical with the ¢
pairwise comparisons that define the cycle a. Let us add one more alter-
native denoted by (n + 1); this addition has no effect on the cycle a. On the
other hand, the preference profile ¢ defines (n+ 1) new preference profiles
on the (n+ 1) alternatives because there exist (n+ 1) places for the new
alternative. All these preference profiles belong to the set B, ,, (a), which
implies that the number of elements of B, (a) is equal to (n+ 1) times
the number of elements of B, (a). |

The following corollary is then straightforward.

COROLLARY 9. For all n, k, and q such that 3<q<nand 0<k<n—gq,
we have

n!

bn, r(q) = m bnfk, r(q)n

and

n!
b, (q) =4 b, (q).

The only numbers to compute are therefore the coefficients (b, ,(¢));<,<,—1-
The following proposition relates them to the Eulerian numbers. First,
we need a technical result where ¢ is a permutation of 4,

LEMMA 10. The number of readings of the permutation ¢ is equal to

g—1

1+ Y x.(i+1,0).

i=1

Proof. The proof proceeds by induction on the number ¢ of elements of
the permutation.

For ¢=2, there are only two possible permutations o, either (12) or
(21), and the number of readings has to be compared with

14 x.(2,1).

The permutation (12) requires only one reading while y,(2, 1) is equal to
0. The permutation (21) requires two readings but then y (2, 1) is equal to 1.
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Therefore, in both cases, the expression giving the number of readings is
correct.

Assume now that the formula has been established up to ¢— 1. Let ¢
denote an arbitrary permutation of the ¢ elements 1, 2, ..., g. Let g, be the
permutation of the first ¢ — 1 elements 1, 2, .., ¢ — 1 obtained by deleting
the element ¢ from the permutation o¢. Let us compare the number of
readings of o, with the number of readings of . The scans for these two
permutations that involve the numbers up to ¢ —2 are identical. The scan
of o, that contains ¢—1 can be extended to read ¢ in ¢ if and only if
qg—1>_¢. On the other hand, for ¢ >_, ¢ — 1, an additional scan (that con-
sists only of the element ¢) is necessary to read the permutation g. The
induction assumption is that the number of readings of the permutation o,
is equal to

g—2

1+ ) g, i+ 1,0).

i=1
It follows from the definition of o, that y,(i+1,i)=y,(i+1,i) for
i<g—2. The additional term y (¢, ¢ — 1) is equal to 0 or 1 depending on
whether we have ¢ —1>_¢g or ¢>>_,qg—1. This therefore shows that the
number of readings of the permutation ¢ having ¢ elements is indeed given
by the formula of the lemma. ||

ProrposiTioN 11.  For all g and r, 1 <r<q—1, we have

bq,,-(q)=q<q:1>-

Proof. First, we note that, if o belongs to the set B, ,(4,), then the ¢
permutations obtained by composing ¢ with the ¢ circular permutation of
A, also belong to B, ,(A4,). Therefore, we can assume that we have
a(q) = q. The second step consists of computing X,(4,). By definition, this
number is equal to

q
Xﬂ(Aq) = Z Xﬂ(l—"_ 1’ l)
i=1
with the convention that y. (¢ + 1, ¢) is equal to y,(1, ¢)=1. One notices
that y.(¢, ¢ —1) is equal to 0. This implies that

-2

q
X(A) =1+ ) x,(i+1,0),

i=1

itself equal to the number of readings of the permutation o,

i by
Lemma 10. |
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2.4. From the (n! —1)-Simplex to the (q —1)-Simplex.

In this section, the cycle a is again arbitrary with length ¢. Let us intro-
duce the vector u(a)=(u,(a), ..., u,_(a)), where

pl)= 3 A,

o€ By (a)

will to play an important role in the forthcoming developments. Note also
that the following equality is obviously satisfied,

qg—1

Y ula)=1,

which that implies that the vector u(a) actually belongs to the (¢—2)-
simplex. We readily use the vector u(a) to reformulate Lemma 4 in a form
that will be easier to exploit:

LemmA 12.  The inequality

qg—1

Y rua)<g(l—1)

r=1

is satisfied for the (aggregated) cycle a=(a,, a,, .., a,).
Proof. The sum
Y Ao Xo(a)

can be rewritten as

g—1

(Y axw)

r=1 \ogeBy, (a)

and is therefore equal to

qu< Y ﬂ»ﬂ>r=q21w,<a). I

r=1 \oeBy (a) r=1

This necessary condition enables us to give a necessary condition for the
existence of cycles of length ¢ for a given super majority rule 7. Compare
with [9].

LeMMA 13. The super majority rule t>=1—1/q is necessary and suf-
ficient to exclude cycles of length equal to q. It is sufficient to exclude cycles
of length <q.



CONDORCET CYCLES 249

Proof. The condition is obviously necessary: it suffices to follow the
lines of Condorcet’s example. Consider the collection of ¢ agents having
respectively the ¢ preference profiles (a;, a;, 1, ..., a,, a;, a, .., a,_, G) for
i=1,..,qg where & is a fixed permutation of the complement
A\a,, ay, .., a,}. Then the set (a,, as, .., a,) is a cycle for t<1—1/q.

It follows from Lemma 12 that, if a is a cycle, then the following
inequalities are satisfied,

q—1 q—1

I=3 ula)< ) rula)<q(l—1)

r=1 r=1

which implies the inequality 1 <g(1 —7) equivalent to 7 <1 —1/q. There-
fore, having t>1—1/q is incompatible with the existence of a cycle of
length ¢q. 1

3. THE COMPUTATION OF THE UPPER BOUND Y(n, 1)

Working in the (¢ —1)-simplex by way of the map A — u greatly sim-
plifies the analysis of the geometry of the sets V(n, t) for which cycles are
observed for super majority rules. The proof of Proposition 13 has already
exploited the dimension reduction brought by that map. The computation
of an upper bound of the volume ¥(n, 7) makes crucial use of the smaller
dimension given by the map.

3.1. Volume of the Set

AN,;,.={<A,-)1<,<NeM

i=N
Z ;ul-zg}.
i=1

We first compute the volume of the set

Ay, = {(x,->1<,<N1 eRY-T

i=N—1
> ii<6},
i=1

which is the projection of A, , on the space defined by the (N —1) first
coordinates along the direction of 4.
The volume is equal to the multiple integral

J\s d/il fsf).l d/‘{z o Isfﬂlf/lzf s —AN—2 d;LNil’
0 0

0
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and is therefore equal to

eWN-1

Ay, ) =mo

From now on, b, , stands for b, ,(a), where the cycle a is fixed of length 4.
LeEMMA 14. The volume of the set defined in Lemma 12 projected in the
hyperplane J.,=0 (o€ B, |(a) fixed) is given by the multiple integral
by, g—1—1 by 1—2
SR o2
_Teml g el ——du,,
L (b0 —1)! ”‘HL L (b, —2)1

n,g—1

where

&= l_T Z ]ﬂ],

Jj=r+1

itself equal to

1\Pr2 1\ o3 1 \bra2/ 1 \beot (g(1—1))" !
<2> <3> "'<q—2> <q—1> (n!—1)!

Proof. The first assertion follows from a computation by successive
integrations of the volume of the set A’ , defined by the inequality

—1

ZA<8

r=1

using a partition of the coordinates into ¢ components made of the subsets
B, with 1 <r<qg—1 and #B,=b,, and the auxiliary integration variables
A, =Y 4cp As The volume of the projection on (b, — 1) coordinates of the
set defined by the equation Y, 5 4,=4, is equal to A”~'/(b,—1)!.
Therefore, the volume of A’y , is given by the multiple integral

Jns AZ‘L{-I A J‘gf/ll/,l AZ(/:%—I
o (b, —1)1 (by,_»—1)!

e—Ag—1— - — A2 /1’1)1*2
Xqu*Z"'LJ 7@1_2)!61/11. I
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PROPOSITION 15.  An upper bound of the relative volume of the set of

parameters for which the cycle a of length q exists is given by
(V(g—1)(1—1))", where

q
2<¢1;1>/(q71)!3<q;1>/(q71)!m(q_l)«;:{ Jta—1)!

Mg—1)=

Proof. The expression of the volume given in Lemma 14 can be rewritten
as

1 1 q(1—1) &
(n! —=1)! g(1 —7) | 10w v/mi2be2int (g — 1) pra=vnt]

The volume of the projection of the (n!— 1)-simplex on the hyperplane
A,=0 is equal to 1/(n!—1)!. Recall from Proposition 11 combined with
Corollary 9 that we have

n o g-D

(These numbers are known in the literature as the normalized Eulerian
numbers.) Combined with the inequality ¢(1 —7) > 1, this yields an upper
bound for the relative volume. ||

The sequence V(g) plays a crucial role in determining the bound we are
looking for. Its first values are

V(2)=2.12132...
V(3) =2.09823...
V(4) =2.07601...
V(5)=2.06177...
V(6) =2.05207...
V(7) =2.04502... .

Numerical computations seem to suggest that this sequence is decreasing,
which we have not been able to prove. This property of the sequence is
similar to a property of monotonicity of the convergence on the interval
[0, 1/2) of the distribution function of the mean value of uniformly dis-
tributed random variables defined on [0, 1]; for details, see the Appendix.
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The latter property? is not satisfied in general; direct computations suggest
that the property is for uniformly distributed random variables.

Nevertheless, we do not need these strong properties for establishing our
upper bound. It suffices that we show that V(2) bounds all the other
elements of the sequence V(g). The following property regarding the
sequence V(q) is all that we need:

THEOREM 16. The sequence V(q) tends toward 2 and all its elements are
smaller than V(2) for ¢ =2, with

3 1
o) =3%=4ama 1

Proof. See the Appendix.

Remark. We also show in the Appendix that our proof would be
significantly simplified had we had a proof of the monotone convergence
(over the interval [0, 1/2) of the distribution function of the mean value of
uniformly distributed random variables).

From the theorem and from Lemma 1, we get the following upper bound
Y(n, 7) of the relative measure of V(n, 7):

THEOREM 17.

I—T n!
=n!
Y(n, 7) ”'<0.4714> '

Proof. Obvious from the previous developments. |

4. CONCLUDING COMMENTS

This paper can be viewed as another illustration of the power of the
parametric approach, this time within the setup of social choice theory.
A key ingredient in the success of the parametric approach in the current
setup is the identification of individual preference orderings with permuta-
tions, an identification that enables us to relate the existence of Condorcet
cycles to combinatorial properties of permutations—through the Eulerian
numbers—not to mention the far-reaching probabilistic interpretation of
these Eulerian numbers through the uniform distribution.

21t is well known by the central limit theorem that the distribution function converges to
the function equal to 0 on the interval [0, 1/2); it is the monotone convergence that is at stake
here.
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The main conclusion of this paper is that the relative size of the set of
parameters for which a Condorcet cycle occurs is incredibly small under
the suitable circumstances. We prove this result by computing an upper
bound that is itself very small so that, in order to make our point, we do
not have to and, therefore, we do not try to find the least upper bound of
this volume. Our results can easily be improved to yield better bounds.
Such bounds will actually be necessary if one wants to compare the impor-
tance of acyclicity (the lack of Condorcet cycles) with the importance of
incompleteness for aggregated preferences obtained through super majority
rules, a point raised to us by Karl Shell. A referee contributed a bound that
can be used in dealing with the comparison problem. The referee’s results
are to be published in this Journal.

APPENDIX. THE PROOFS

Proof of Theorem 16. Define

r

A(q) =log V(q)=log(q+1)—

r

q

b,(q)logr,

1

I

where

br(Q)Zi,‘
q!

The first assertion of the theorem will be proved if we can show that the
sequence A(g) tends toward log 2.

We first rewrite A(q) using
and obtain

hence,

r=gq r
Alg)=—Y b,(q)log <Q+1> )

r=1
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The proof will go through the computation of an upper and a lower bound
of —A(gq). We start with an upper bound.

ProrosiTiON 18.  For all =2,
—A(q) < —log 2.
Proof. Given symmetry:
bq)=b,1-(q),

if ¢ is even,

Alq) = S ,,/2b | ! log 1 ——
—_ [ + — s
()= ,;1 {Og<q+1> Og< q+1>}

and if ¢ is odd,

1 r=(q—1)/2 r r
_A(q):b(q+1)/210g <2>+ Z br(CI){log <q+1>+10g <q+1>}
r=1

But in each case, the convexity of the logarithm implies that

r r 1
1 _ 1 1——— <21 — .
"g<q+1>+ °g< q+1> °g<2>

One concludes by observing that >’ =9 b,(q) = |

r=1

Let Y, be the sum of ¢ independent uniform random variables on [0, 1]
and let F, be the distribution function of Y,. One knows from [18] that

where [ x] is the greatest integer <x. One also knows that, for any integer
r such that 1 <r<gq,

I
Fn=Fr=1=_ <q>=b,.(q).

Define G, as the distribution function of the random variable Y, /g; we
then have the following lower bound:
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ProposiTiON 19.  For all ¢ =2,

le‘f—(l)dz.

2
—Alq)= ———
qg Jo 1

Proof. Given Eq.(7), —A(q) is the mathematical expectation of the
random variable

<[Yq]+1>

log | —&=—.

qg+1

One has
Lalet, b _((_ 1%
qg+1 qg+1 qg+1) ¢q

This implies the inequality

[Y,]+1> < 1 > <Y>
1 —1=\>1 ]——)—1 —1].
og< qg+1 o8 qg+1 8 q

This yields for the expected value the inequality

1 1
—A(q) =log <1 —q+1> —L) log 7 dG (1).

Using integration by parts, we get

fl log 1dG,(1) =[log qumJa—f‘ %mdz,
0

0

and one checks readily that

[log 1G (1)1

is equal to 0. This readily implies the inequality

1 LG (1)

But, for ¢ =2, we have

hence the proposition. |i
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A sufficient condition for Theorem 16 to hold true would be that, for all
fixed €0, 1/2), the sequence (G (1)), is decreasing (a symmetry argu-
ment then implies that the sequence is increasing for te(1/2,1].) We
conjecture that this property is true; it would imply that the sequence
(—2/q— jo J1)/tdt), -, is increasing and tends toward log 2. Numerical
computations yield the inequality —2/g— [y (G, (7)/t)dt> —A(2) for
q=20, and —A(g)= — A(2) for ¢ <20.

Attempting to prove this conjecture has led us into challenging mathe-
matical problems that we have not been able to solve. We therefore have
had to use an indirect route to prove Theorem 16. We have proceeded
using a sequence of functions (;5 with the property that G,(7) <¢,?) o

[0, 1/2) for all ¢ and (— {4 (4,(2)/1) dt),~ is increasing and tends toward
log 2.
Consider the integers ¢>100, and define a(q)=¢q/2— \/c; and

x(q)=q/2—-3 \//2 Define the functions @, and @] on [0 g/2] by

. 1 X Va
%(“:z@wﬁ ’

and

230 =alg) (x-1) +3.

a5 0-C2))

ProposiTioN 20.  For all ¢ =100,

where

0<F,(x)<®,(x) if 0<x<x(g),
{O<Fq(x)<¢§(x) if x(q)<x<gq/2.

COROLLARY 21. For all g =324,

2 2
—log2————=< —A(q) < —log2.

¢ Va

It follows from this corollary that for ¢ large enough, actually ¢ > 1000,
V(g) is smaller than V(2). A computer-aided computation of the terms
V(g) for ¢ <999 that shows that the inequality V(gq)< V(2) is satisfied
completes the proof of Theorem 16. |
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Proof of Corollary 21. For all ¢tin [0, 1/2), G,(t) = F,(qt); define in the

same way ¢, (1) =®,(qt) for i=1, 2. From Proposition 20 and from the
inequality G,(7) <1, for all 7 in (1/2, 1], it follows that

1G(t (@) PpL(¢ 12 $3(t 1 dt
f—q()dtsf ”L"()dwf —¢"()dz+f =
0 0 t

t x(q)q T 2t
But
~aVa (1) 1 /x(g)\V7
j dt = < >
ot 2./q \a(q)
and

) =02

which increases monotonically towards 1/e. Then, for all ¢ >4,

B

and

t 1
7)dl <

0 t \26 \/c;

From ¢7(1) <1/2 for 1<1/2 combined with ¢ > 1, one also gets

fww oo

jl/z <1>,,(Udl<1<1_X(q)> g 1.3 ¢
X

x@fa 1 2\2 ¢ (q) 22/qx(q)
From

q 2 2 12
= < el
x(q) 1-3//q 1-3/18 5

for ¢ > 182 =324 it follows that

0, o

xaa 5./q
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This implies the inequality

1G 9 2
fo ()dl<log2+7+ <log2+——. 1

t ﬂ 2e\/ f

Proof of Proposition 20. One first needs a property of the distribution
functions (F,),.n. By definition, F, is the distribution function of Y, =
Y, ,+X, where Y, | has F, | as a distribution function, and X, is a
umformly distributed random variable on [0, 1]. A convolution product

yields the following induction formula.

LemmaA 22. For all q,

F(x) =j F, \(t)dt

x—1

COROLLARY 23. For all q, F, is symmetrical with respect to the point

(g/2,1)2), ie., for all xe [0, q], ’
F(x)+F(¢q—x)=1.

Moreover, the function F, is increasing and convex on [0, g/2].

Proof. We prove the corollary by induction on ¢g. The symmetry
property is obvious for ¢ =1. Let us compute

X qg+1—x
Fy(0)+F, g+ 1—x)=]  Fodi+| F(1)dt

x—1 g+1—x—1

which, by the change of variable u=¢ —¢ in the second integral, is equal
to

jx_ F,(1) dz-jxiqu(q—x)dzzf_ (Fq(t)+Fq(q—t))dt=fi di=1,

which proves the symmetry property.

The property that the function F, is increasing is obvious for any g.
Convexity is obvious for ¢ = 1. Again, let us use induction on ¢. The second
derivative of F, , ; is

Foia(x) =Fy(x) = Fy(x—1).
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If F, is convex on [0, g/2], F’, is increasing, so that on [0, ¢/2] F ., is
positive. Now take x € [¢/2, (¢ +1)/2]; thanks to F(x) = F/(q — x), which
follows from the symmetry of F,, one has

Fyi(x)=Fi(q—x)— Fifx—1)

The conclusion follows from x — 1< (¢ —1)/2 <g—x <¢/2, combined with
F’, increasing on [0, ¢/2]. |

We are going to prove Proposition 20 through the analysis of the fol-
lowing five cases: (1) xe[0,1]; (2) xe[1,x(q¢)]; (3) xe[1+x(q), ¢/2];
(4) xe[x(q), 1 +x(¢)]; (5) xe[q/2,(¢+1)/2]. We use induction except
for the last case.

First Case: xe [0, 1]. A simple induction argument yields F,(x) = x?/q.
For the inequality F, (x) < cD‘ll(x) to hold, since for all ¢ >1 and t€[0, 1],
Vi t7, it is sufficient to prove that F, (1)< 95‘11(1), which reduces here to

proving that
L1/ 1\
=—<-(—) = .
n(q) 7 2<a(q)> "(q)

We prove in fact that y(q)/n(q) is =1 using the inequality

g+ 1) n(g)

= >1.
n(qg+1)y(q)

p(q)

One has

y<q+1>=< ! >f< 2 >ﬁf (1-21/9)¥"

l——— = .
7(q) g+1 q+1 (1=2/\/q+1)ve+!

One can check that

Ja
<1 ! > ;1—\/‘7f’>1—1

qg+1
and

2 a+1—q 7 \2Ja+D)
(272" o

g+1 g+1
(Indeed, let ¢=./2/(q+1); the last expression can be rewritten ¢~

The function f(x)=xlogx reaches its minimum at x=1/e, hence the
inequality.)
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LemMmA 24. For ¢ =10,

(ot 1 %
(1=2//qg+1)Va+T N

Proof. Take the logarithm of the expression

\/c}<log<l —2)—(1 +:1>1/2 log <1 —2(1 +;>_1/2>>.

For all ¢,

so that

log <1 —2(1 +;>1/2> <log <1 _<\j(}_q\l/(}>>

and, for ¢(¢g) smaller than 1,

log(1 —&(q)) < —e(q) — L 24247

which yields

o(1-( 2oL )eo 22 s 2
N N AN R B YN
+< 4 + ! +8+2>
612\/5; 3q4\/& qs qs
— ~— —
<15/4* /q

(We delete the negative terms from the right-hand side of the inequality,
the same thing will be done later to get rid of similarly complex terms.)
One also has for all ¢

1\ 1
<1+> <l+—,
q 2q
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so that one obtains, through the same simplification,

<1+1>1/21 <1 2 <1+1>1/2>< 2 2 8 3Jr 23
- og|1l——= - <——F4——-— —— .
g Ja\ o q Vi a 3ava @ e

A simple computation shows that, for ¢ > 10,

2 4 13

2 2 8
(1o 2)s 22 8 4 B
Ja Vi a 3aVa @ #Va

and then

log< (1_2/\/§)ﬂ >>—1 —ﬁ
(1=2//g+ 1Y) " g g ¢

One concludes by using the inequality e*>1+x. |

The inequality

1 1 36
(q)= >0.77( +1)<1—><1__>
P e e N N

1 1 35
>0.77(q+ 1) <1 ———2>.
\/; 949 4

can then be derived. The right hand side term is obviously bigger than 1
when ¢ > 10. Given

Mot _ g2
n(g+1) n(q)

if y(q)/m(q)=1, we have y(qg+1)/m(g+1). Also, y(5)/n(5)=1. Hence the
first case.

Second case: xe[1,x(q)]. The proof proceeds by induction on ¢g. We
suppose that Proposition 20 holds true for some ¢g. One then has

F,.\(x)= { F (1) di< jx o (1) d.

x—1 x—1

The inequality

q+1

fx D1 di < D!, \(x)

x—1
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holds if and only if we have

Ja NZES!
1< 1 > < 1 >(xl+\/§_(x_1)l+\/§)<l< X > ’
2 \a(q) 1+/q 2\a(g+1)

which is equivalent to the inequality

1\!+V4 gV
hq(x)=x1+ﬂ—\/q+l<1<1 > >< l+f \/qj (8)

X

Lemma 25.  The function h, is increasing on [1, g/2].

Proof. Compute the derivative of /,:

x):mﬂ_m)mm[ (1_1)”’1
e nnsifi)

X

=Mm(<1+/&—¢m[l_(1_i>“q
aeva(1-4)"1)

X
Let y=1—1/x; h)(x) is positive for xe[1, g/2] whenever
(T D) V(14 Ja) i (1 Jg—Ja D)
is positive for ye[1,1—2/¢]. Let z= y\/‘; and define

hz2)=(Jq+ 1) 2" VN (14 Jg) 2+ (1 +Sqg—Sq+1);

the derivative of /i

q°

) =Va+ (J\r/f SNE (14 /g)

is negative when y=z'"~7< /q/(g+ 1) = (1 + 1/g) 2 which is always true
for y<1—2/q since for all ¢,

\/
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Then, h being decreasing with respect to z, the only thing that remalns to
be shown for the lemma to hold is that the value at (1—2/g)v? of h
positive. This is equivalent to proving that

%q«l—wz<1_2>ﬂ<l_2_l+ﬂ>+l+ﬂ_
Ja+1 ¢ Jait) Jer1

q
A simple computation shows that for xe€[0, 1] and a>2, (1 —x)*<
1 —ax + a(a— 1) x*/2 which implies

<1_2>ﬂ 2.2 2
Vi 4 ava
moreover, 1 —1/(2¢) <(1+1/g) 72 <1 —1/(2q) +3/(84%), so that

MU
(-3

and, therefore,

N

I+vg o L1

1
g+l Jq 2 2q/q

and

1+f71+2 L3 1 3<1+1>
V4 . 24 247 8\ 4

which yields
> 1 3 19 1

(“) <q /i 2 24vi 8 @

the latter inequality being obtained by deleting in the right-hand side
expression all the negative terms we are not interested in. Then the lemma
holds true as soon as

which is satisfied for ¢ >8.
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Hence, 5, being increasing, the second case will be established if we can
show

(1+/q) a(q)¥9alq + 1)Va+T,

which will prove inequality (8). This follows from:

LEmMMA 26. For all ¢ =20,
gV
hy(1+x(q 1+f T3 T

Proof. Simple computations reduce the problem to showing the
inequality

(-G 020G )

Va+1 _ N7

q (1-2/\/9)

<(1 :
< +ﬂ)<q+ > (1—2//g+1)VarT

Consider the quantity

\/ﬁ 1 1/2 1
q
—lo = 1+-] log{l+-);
g( +1> \/;1< q) g( q>
given that (1+1/g)"?<1+1/(2q) and log(1+1/g9)<1/gq, the former

expression is smaller than (1/\/(;) +1/(2¢ \/c;). Then we have
10g< 1 > q+1> —L—;.
g+1 Va4 244

For x negative, we have e*>1+ x+x?/2+ x*/6, which, by taking the
exponential of the previous inequality, yields

q Va+1
)
q+1

11 5

1
+7_ —
Va4 2aVq 24 6aq 244

and then

1 1 2 5
SOV//RLUN 4

(I+a) | —
va 24 6q 3qq &

()™
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Combined with Lemma 24, this yields the inequality

VIRT (=2 /)"
(1
o) <q+1> (1=2//q+1)VerT

s gt T 2 4
~ 2\/(} 6g 3q\/;1 qz'
Starting from 1+4./qg—/q+1=1=1/(/q+/q+1)=1-1/2./q),

we get
3 \\!+tVe—Va+t 3 N\ V2V
i) )
N N

The logarithm of the right-hand side term is smaller than

(S

and an upper bound for ¢ =2 is

39
Vi a a4
as follows from e(q)<1, and log(l —e(q)) < —e(q) —e(q)?/2. For x

negative, one knows that e* < 1+ x + x?/2 so that, after s1mp11ﬁcat10ns one
gets

@ <3 ﬁy'”f<l3+7+12+u

Ja q Vi 2 aa @
Moreover, for ¢ <1—0.5"3, the inequality 1/(1 —&) <1 + ¢+ 2¢? yields, for
4> 300,

3 2\ ! 316 24
1= (===2)) <l+—=+=+=,
Ja g Ji a4 ¢

which, denoting ¢(gq) =2/q + 6/( q\/ )+ 32/q” +48/q°, implies that

AT
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For ¢ =400, ¢(q)<é&(q)=2/q+ 8/(qﬂ). Simple computations show that
for xe[0,1] and >3, (1—=x)*=>1—ax+ala—1)x*2 —a(a—1)
(x —2)x*/6 so that (1 —&¢q)' *V9=1—./qéq)—&q) + q&q)*2 +
J18q)*2—q/q&q)*/6. This yields

(I_ag) +Vis1 2 6 22 34 6 88
Vi a4 3aa ¢ @#Va &
o2 6 1 4
NN .
for g = 400.
Then, we get

(120G D)) oo

which yields the following inequality:

) 020G )
2 Ja g q Ja g

_ 1163 28 246 74 88
<V4q- — —St——F+—
69 20 94 ¢ V4 &

These bounds enable us to prove that the lemma holds for ¢ > 1000,
because, then

3Va 2 ave @ @4 &

It follows from direct computations that the lemma also holds true for
100 < ¢ < 1000. |

Third Case: xe[1+x(q), ¢/2]. The proof proceeds by induction on g.
Let us assume that Proposition 20 holds true for ¢, then we get

Fq+1(x):jx

X —

F(1)dt< J ®2(1) dt.
1 x—1
The inequality

ﬁ_l ®X(1) di <D, \(x)
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holds true if and only if

%+a(q) <<x—;>—g><;+a(q+l) <x—q;1>

which is equivalent to

1
(atg)—atq + 1) (x =3 ) < alo) —atg + 1)

But a(q) is decreasing: it is the product of the decreasing quantity 1/(3 \/;1)
by the other decreasing quantity 1 — (x(q)/oc(q))\/;; indeed, in the proof of
Corollary 21, (x(q)/oc(q))ﬂ has already been shown to be increasing. Then
the above inequality holds true as soon as x —1/2 < ¢/2; and here we have
x < ¢/2. Hence the third case.

Fourth Case: xe[x(q), 1 + x(¢)]. The proof proceeds again by induction
on ¢. If Proposition 20 holds true for ¢, given x — 1 <x(¢) <x<x(g)+ 1,
one has

Fq+1(x) :fx

x—1

x(q) x
Fn)di< | "1 oYrydi+ | @31yt

x(q)

But @31 and (Pi have been defined with the same value at x(g) while the
slope on [ —1+ x(¢), 1 +x(¢)] of <13}1 is always bigger than a(g), which is
the slope of @;. Indeed, since the slope of @] is increasing and the graph
of cbf] is a line, the inequality is satisfied if the slope of @ ‘11 at (—1+x(q))
is bigger than a(g), as it is stated in the following lemma.

LemMA 27. For all g =100,
@,(—1+x(9))>a(q).

Proof. Recall the definition of a(q):

=

One has
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then
C3%> 1.6
1-2/

Simple computations show that, for &(g)<0.3,
&(q)?, so that for ¢ =20, we get

Ja a

log(1 —e(q)) =

Jiog (130, 112

1-2//q

Then, since e* > 1+ x, we get

O

1-2//q

and

1—1/e

(@) <——F=
“ 3ﬂ 3eq eqf

Similarly, we have

Vi a a4

D, (—1+x(¢q

)=
Ja(1=2//q)

1—

We also have

1 <1—(3/ﬂ+2/q) Va1

21/q >

“Wﬁ”WBQ_3JXH2>
1-2/\/q g /N
Sy L8 4
Ja a4
SR
q 4

Then, for ¢ > 20, the inequality

1—GA/a+2/q) 113
1 —_— | =
0g< 1-2//q >>

—eé(g)—
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holds thanks to &(g) <0.3, log(1 —&(q)) = —e(q) — (¢)> This yields

1—(3 2 12 11 120
(V- 1)< 11?}”)2 L -

Since e¢* > 1+ x, we have

() -

and

qsl'( 1+x(q))>1<1+2>1<1 £ E 120)
’ VAN Vdd e\ Jaoa aia
_&_E_ 142 _240>

ef<qufq2

This last inequality, compared to inequality (9), yields the lemma for
g = 1050. The lemma is shown to be true for 70 < ¢ < 1050 by direct
computations. ||

Then the graph of GD; lies under the graph of @5 for x < x(q), and above
for x > x(g). This implies that

x(q) . x(q) )
jH ®(1) di < LH ®(1) di
and

[ o

x(q)

(1) dz<j @ (1) dt.

x(q)

This implies, for i=1, 2, that

F, () <j (1) di

and we have seen that, when x is <1+ x(g), the two inequalities
| enar<a) (x)
are satisfied.

Fifth Case: xe[q/2,(¢+1)/2]. A direct line of reasoning through
Corollary 23 enables us to conclude immediately. Indeed, we have
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Fyollg+1)2)=®;, ((¢+1)/2) and F, (q/2) <P, (q/2), thanks to

q q+1
the preceding case. In addition, the graph of @], is a line whereas the

graph of F,,, is convex on [¢/2,(q+1)/2]. Then F, (x) <<15§+1(x) for
xelq/2,(g+1)2]. |

The proof of Proposition 20 is therefore completed once we show that
we can start the induction. Though numerical computations show that the
proposition is already true for ¢ = 20, we start the induction argument only
at ¢ =100 because we have proved various inequalities (see in particular
Lemma 27) only for ¢ >100. |
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